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ABSTRACT 
 
The idea of simply designing large single wind turbines is an incremental and technological 
step, which presents challenges in installation and maintenance issues. Another approach, Multi-
Rotor Wind Turbine (MRWT) design, is to utilize several wind turbines mounted on a single 
support structure. The use of MRWTs offers to improve the performance and economic viability 
when compared with Single Rotors Wind Turbines (SRWTs). However, they present different 
challenges than traditional designs. When wind turbines are subjected to different loading 
scenarios this results in the out-of-plane and the in-plane deformations.  The resulting rotations 
and deflections are amplified in MRWT systems due to the interactions between the different 
rotors. Although finite element methods (FEMs) are deployed to study the structural behavior of 
MRWT, there is currently a gap in mathematical approach to investigate dynamic behavior of 
MRWTs under large deformations.  
The development of a mathematical formulation deriving the general governing Equations 
of Motions (EOMs) and separating the typical linear formulation and the nonlinear contributions, 
due to large deformation behavior, is quite challenging.  The current study will provide a new and 
demanding mathematical formulation of the governing EOMs for the MRWT systems with any 
symmetric configuration. In order to illustrate the proposed approach, a building block model (a 
triangular 3-rotor system) is introduced. The EOMs of several configurations of MRWTs are 
derived based on the structural behavior of the 3-rotor building block. The current study illustrates 
the p-delta effects and the significance and contribution of the large displacements-induced 
nonlinearities for both hypothetical and existing MRWT systems through the numerical solutions 
to the derived EOMs and FE analyses of the MRWT configurations.  More explicitly, the current 
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study shows that, for some degrees of freedom (DOFs), the large displacements-induced nonlinear 
terms cause noticeable variations in the structural responses of the MRWT systems. 
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NOMENCLATURE 
 
α                                  Rotation about the x-axis       
β                                  Rotation about the y-axis     
DOFs                          Degrees of Freedom 
EOMs Equations of Motion 
FEM Finite Element Model 
γ                                  Rotation about the z-axis 
MRWT Multi-Rotor Wind Turbine 
SRWT  Single Rotor Wind Turbine 
u                                  Translational Displacement in the x-Direction   
v                                  Translational Displacement in the y-Direction   
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1. INTRODUCTION  
 
1.1 Introduction to the Multi-Rotor Wind Turbine Concept and Background  
There are two common types of wind turbine designs: Vertical Axis Wind Turbines 
(VAWTs), and Horizontal Axis Wind Turbines (HAWTs) (Veritas 2002). Wind farms are 
typically a collection of numerous Single-Rotor Wind Turbines (SRWTs) (Leung and Yang 2012), 
and the majority of the wind farms that have been constructed use upwind HAWTs  (Manwell, 
McGowan, and Rogers 2010).  For many years, wind farms have been constructed at sites where 
the wind resources are limited. However, the location of wind farms at intermediate and deep water 
sites offers a more favorable wind resource with the associated higher and stronger wind speeds at 
those locations, and the advantages of minimizing any potential for noise pollution and undesirable 
visual impacts (Harvey 2010; Sun, Huang, and Wu 2012). For over fifteen years, European 
countries have pioneered the development and use of offshore wind turbines at near shore sites 
with the first offshore wind project established in 1991 in Vindeby-Denmark (BOEM 2011).  
Moreover, the increasing demand for renewable energy from wind has led to the 
development of larger wind turbine sizes to maximize electricity production while limiting the 
footprint of the wind farm. Therefore, modern wind turbine designs utilizing innovative 
technologies and better efficiency are required (Jamieson 2011). The idea of simply designing 
large single wind turbines is an incremental and technological step and presents challenging 
installation and maintenance issues. Furthermore, to increase the outputs of modern wind turbines, 
larger rotors, and more powerful generators are used. However, to reduce the costs of the system, 
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it is necessary to reduce the overall weight of the system. That results in designing more flexible 
and dynamically active wind turbine systems (van der Tempel and Molenaar 2002). 
An alternative approach to simply increasing the single upwind wind turbines efficiencies 
is the concept of Multi-Rotor Wind Turbine (MRWT) designs that utilize several smaller wind 
turbines mounted on a single support structure (Spera 1994; Verma 2013). Honnef et al. introduced 
the MRWT concept in 1930 as a conceptual solution for the limitation in the size of single steel 
blades that could be constructed at the time (Jamieson 2011). There are also some other sketches 
that show the idea had been also considered for application to Dutch mills in 1873 (Verma 2013). 
Different countries and individuals have contributed to the research on this topic. William E. 
Heronemus in 1970-2002 and Stoddard in 1973-2007 proposed MRWTs concepts in order to get 
more capacity without upscaling single turbines sizes, which is clearly the current trend (Stoddard 
2002; Heronemus 2006; Verma 2013). Other conceptual designs utilizing MRWTs were presented 
by Lagerweij in 1970 (Fingersh, Hand, and Laxson 2006). Later Jamieson in 1995 introduced the 
baseline for the economic benefits and issues of MRWTs (Verma 2013). Significant challenges in 
the MRWTs’ studies are threefold: geometry and physical properties, analysis criteria and design 
challenges.  
 Geometry and physical properties 
Figure 1 illustrates two examples of multi-rotor configurations. Figure 1a provides an 
interesting clean steel structure concept for a 3-rotor design by Lagerwey Wind, a Netherland 
based company (Kale and Sapali 2012), and figure 1b is a 7-rotor design concept wind turbine test 
that was conducted and reported by Southwest Research Institute (SwRI) in 2009 (L. Ransom and 
J. Moore 2009, 1-7). The test conducted by SwRI (L. Ransom and J. Moore 2009), showed that 
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the interactions between rotors have no effect on the power production of the MRWT system (Mate 
2014). 
 
 
 
  
a) Three-rotor array Wind Turbine, reprinted 
from (L. Ransom and J. Moore 2009) 
b) Seven-rotor array Wind Turbine, reprinted 
from (L. Ransom and J. Moore 2009) 
Figure 1: Prevalent examples of Multi-Rotor Wind Turbines 
 
 
 
It is anticipated that MRWT technology will have advantages over the current single 
upwind wind turbine design for some situations. For example, installation and maintenance of 
lighter and smaller components would be easier for an n-rotor design. Another potential advantage 
of an n-rotor system is that in the occurrence of some type of failures or maintenance requirements 
of one rotor, the system could continue to produce energy with the remaining rotors, where a 
single-rotor turbine would be completely shut down. Furthermore, according to the square-cube 
law, the total rotor torque, total rotor weight and the total nacelle weight are reduced by increasing 
the number of rotors (Mate 2014). However, the combination of a multi-rotor top structure with 
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the wind turbine support system would increase the system complexity, and it would be subject to 
larger deformations and nonlinear dynamic behavior.  
Preeti Verma in 2013 (Verma 2013) proposed different configurations for a 3-rotor MRWT 
in order to find the most cost-effective and lightest system design when compared to the National 
Renewable Energy Laboratory (NREL) 5MW wind turbine. Subsequently, Gaurav Murlidhar 
Mate in 2014 (Mate 2014) proposed a new structural system to improve Verma 3- rotor (Verma 
2013) structural behavior and provide a reliable structural system for the SwRI 7-rotor (L. Ransom 
and J. Moore 2009, 1-7) configuration. Steel structural elements, along with cable links and SAP 
2000 as the FE platform were deployed to perform the linear static and time history dynamic 
structural analyses (Mate 2014).  
Additionally, in April 2016, Vestas has released a prototype of 4-rotor MRWT to 
investigate the cost-efficiency of deploying MRWTs (de Vries 2016). Figure 2 shows the Vestas 
MRWT system.  
 
 
 
 
Figure 2: Four-rotor Vestas 900kW concept turbine. Reprinted with permission from de Vries, 2016
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Vestas’ multi-rotor top structure is consists of 4 symmetric rotors, and steel frames along 
with cables that provided the connecting links of rotors to the tower and to the horizontal adjacent 
rotors (de Vries 2016).  
 Analysis criteria  
Static design methods dominated the analysis of wind turbine designs for about two 
decades since 1980 to 2000 (Sutherland 1999).  Towards the end of that period, dynamic analyses 
coupled with control system methodologies were developed by researchers who recognized the 
many types of wind turbine failures encountered in the field.  Structural dynamics is defined based 
on the dynamic equilibrium and dynamic equations of motion (Voutsinas 2010). Based on the 
wind turbine design theories, the combination of tower, substructure, and foundation is considered 
as the support structure, and rotors and the connection links are defined as the top structure 
(Murphy, Hannevig, and Hannevig 2007; Harvey 2010).  In order to derive the equations of 
motion, a complex wind turbine system is simply considered as a number of coupled mass-spring-
damper systems. For example, a flexible wind turbine system can be simulated as a single degree 
of freedom system with top mass M, the bending flexibility of the tower as spring stiffness K, and 
a given damping coefficient C (van der Tempel and Molenaar 2002).   
SRWTs have been evaluated dynamically by different approaches and experiments. Finite 
Element Models (FEMs) are among the most common approaches to provide the fundamentals of 
wind turbine design codes (Lee, Hodges, and Patil 2002; Heege, Betran, and Radovcic 2007). 
There are two levels of analysis in the FE studies; linear analysis of components and dynamic 
analysis of the entire system (Voutsinas 2010). In the majority of FE studies, by considering small 
deformations, all components of a wind turbine are considered as flexible structures subjected to 
the combination of torsion, tension, and bending (Lee et al. 2002). This assumption resulted in 
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considering continuous displacements and rotations as corresponding linear responses along the 
span of each component (Voutsinas 2010). On the other hand, there are some FE studies of SRWTs 
considering large deformations (Lee et al. 2002; Ahlström 2005). For example, Donghoon Lee, et 
al. considered a SRWT as a multi-rigid-body system with both flexible and rigid subsystems and 
large deformations that resulted in coupled nonlinear ordinary differential equations (Lee et al. 
2002). Consequently, to solve the equations, they classified the equations to nonlinear (steady 
state) and linear (transient) parts (Lee et al. 2002). Even with these improvements, very strict 
motion criteria for the structures supporting wind turbines were enforced in the design and 
installation of wind turbines.  
  Design challenges  
  As the current trend of upscaling to larger and larger wind turbines continues, the flexural 
and rotational motions of these designs are reaching the limits of static design philosophy.  This 
combined with the increasing interest in multi-rotor designs mounted single support structure have 
resulted in fatigue being the dominant design criterion for a significant percentage of their 
structural components (Sutherland 1999). Recently some FE comprehensive researches and 
studies have been done to evaluate dynamic behavior of MRWTs from some specific points of 
view, which include fatigue life, loading scenarios, array arrangements, loss of energy or 
performance, interactions between rotors, cost-efficiency, and power generation. (Lee et al. 2002; 
Ahlström 2005; Heege et al. 2007; L. Ransom and J. Moore 2009, 1-7; Voutsinas 2010; Jamieson 
2011; Verma 2013; Mate 2014; Jamieson et al. 2015; Martin and Niedzwecki 2015, 432-439; 
Yoshida et al. 2016) For instance Yoshida et al. in 2016 (Yoshida et al. 2016) have conducted a 
FE simulation to investigate fatigue loads of the seven-rotor wind turbine system of the Southwest 
Research Institute (L. Ransom and J. Moore 2009, 1-7) and fatigue effects on energy production 
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of the system (Yoshida et al. 2016). Note that Yoshida et al. neglected the interactions between 
the wind turbine rotors and the support (Yoshida et al. 2016). Therefore, to include the fatigue life 
estimation in the MRWT systems design, the current study proposes future studies to perform the 
time-domain fatigue analysis using a classical Rainflow-Counting Algorithm. Rainflow-Counting 
Algorithm was firstly introduced in the 1980s (Ragan and Manuel 2007; Winterstein 1988).  
Moreover, based on experience, it is expected that one-quarter of the construction budget 
will be associated with the foundation, which is heavily dependent on the turbine tower. Therefore, 
another major MRWTs design challenge will be in the design of the support structure, and its 
stability under different types of applied loading. Wind turbine support structures, which are the 
combination of foundation and tower, are exposed to extreme loading conditions resulting from 
hurricane-force winds and earthquakes. In addition, the offshore support structures are subjected 
to ocean wave and current loading that should be considered in the support structure design. Wind 
turbine support structures experience significant overturning moments that make the reliability 
analysis of support structures and their foundations as an important design considerations (Yang, 
Cheng, and Jiang 2012). Based on industry demand to provide codes and standards for the design 
of wind towers, the profession has begun to develop guidelines for their design. For example, the 
Strategic Development Council (SDC) of ACI has started to provide guidelines in order to use 
concrete in the offshore wind turbine. For instance, in February 2016, IEC 61400-6 standard has 
been released by International Electro-Technical Commission (IEC). This document clarifies some 
requirements to design of tower and foundation of on-shore wind turbines (IEC 2016).                   
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1.2 Problem Statement and Research Motivation 
Wind energy has been considered as a feasible source of energy for more than 2500 years. 
The first windmills were built in 644 A.D. on the Persian-Afghan border of Sistan (Al-Hassan and 
Hill 1986; Mardfekri Rastehkenari 2012). Growing energy demands, as well as climate issues over 
the past decades,  have increased the demand for using wind energy, as it appears to be the most 
promising renewable energy resource. Modern wind turbine designs have challenged engineers to 
pursue innovative designs, considering both aerodynamics and structural issues, while employing 
lighter and more durable structural materials. This has resulted in new methodologies that allow 
for upscaling the size of wind turbine blades, and for configurations of rotors. The support 
structures being proposed for wind turbine concepts include a wide range of fixed base and floating 
structures. Many of these designs have been investigated using both analytical and experimental 
studies. Finite Element Models (FEMs) have been used to evaluate various design load scenarios 
and subsequent fatigue damage (Herbert et al. 2007). The pursuit of Multi-Rotor Wind Turbines 
(MRWTs) designs as an alternative opens new areas for research investigation.  
The use of MRWTs offers to improve the performance and economic viability when 
compared with SRWTs. For example, the economic consequence of a SRWT system during the 
failure of its rotor is significant. The improved reliability for generating power with a deployed 
MRWT wind farm offers a significant economic incentive. However, they present different 
challenges than traditional designs. When wind turbines are subjected to different loading 
scenarios this results in in-plane and out-of-plane deformations.  The resulting rotations and 
deflections are amplified in MRWT systems due to the interactions between the different rotors. 
Although FEMs have been used to study the structural behavior of MRWTs under various loading 
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conditions, large deformations of the top structure have not been investigated. Therefore, the 
importance of large deformation response is investigated.  
The development of a mathematical formulation deriving the general governing Equations 
of Motion (EOMs), and separating the typical linear formulation and the nonlinear contributions 
due to large deformation behavior is quite challenging.  The proposed research will provide a new 
and rigorous mathematical formulation of the governing equations of motion for a multi-degree of 
freedom system for any symmetric combination of vertical and horizontal rotor placement 
configurations. 
1.3 Research Objectives and Methodology 
The main goal of the current research is to clarify and investigate the general dynamic 
behavior of MRWTs structures subject to large deformations. In order to achieve this goal, the 
research addresses the following research objectives:  
1. Development of a building block to model symmetric configurations of multi-rotor structural 
systems,  
2. Development of a comprehensive set of EOMs for the building block based on applying large 
displacements to the top structure and large structural deflections to the support system, 
3. Development of general formulation of EOMs for MRWT configurations based on the EOMs 
of the building block, 
4. Evaluation of the impact of large deformation assumptions on the dynamic response behavior 
of the MRWT systems, and 
5. Evaluation of the contribution of large displacements-induced nonlinearities in comparison to 
the P-delta effects 
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A new mathematical approach is required to investigate the dynamic behavior of MRWTs 
that incorporates the deformation and rotation of the top and support structures. This study 
proposes a general analytical approach to derive the governing equations for a system that allows 
any number of rotors in a geometrically symmetric MRWT configuration. In order to illustrate the 
proposed approach, several multi-rotor system configurations are considered. The proposed 
research examines the significance of the nonlinear parameters and large deformations. The FE 
modeling software SAP 2000 is deployed to provide the FEM for comparison.  
The current dissertation includes 9 chapters to address the objectives mentioned above. 
Consequently, chapter 1 addresses the background and demands for implementation of MRWTs. 
Chapters 2 to 4 address the mathematic approach to derive the EOMs for the building block 3-
rotor system, 7-rotor system, refined 7-rotor system, 4-rotor system and general MRWT 
configurations. Chapter 5 addresses the numerical solutions of the EOMs for the 3-rotor building 
block, and clarifies the contribution of the nonlinear terms. Similarly, chapter 6 evaluates the FEM 
of the building block. In chapter 7 the outputs of chapters 5 and 6 are compared. Chapter 8 
addresses the numerical solution of the 4-rotor system as an application of the derived EOMs to 
an existing MRWT. Finally, chapter 9 is the conclusion section and suggestions for the future 
studies.   
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2. MATHEMATICAL FORMULATION OF LARGE DISPLACEMENTS-INDUCED 
NONLINEARITIES FOR A 3-ROTOR SYSYTEM  
 
Structural dynamic analysis is required to investigate the reliability and integrity of a wind 
turbine against dynamic external loading (Voutsinas 2010). On the other hand, the common 
assumptions typically introduced in deriving the equations of motion of structures, only consider 
small deformations. The actual structures of wind turbines are subjected to multi-direction wind 
loads that can result in large rotations and deflections in the consequent dynamic responses of the 
system. It is expected that for larger wind turbines, the magnitudes of in-plane and out-of-plane 
rotations of the top structure are not small enough to be neglected. 
2.1 Three-Rotor Building Block Configuration 
In order to capture the significant effects of considering large deformations, dynamic 
analysis based on deriving a new formulation of the equations of motion for the MRWT system is 
necessary. That will also provide more precise models of dynamic behavior of MRWT systems. 
As increasing the number of rotors will increase the degrees of freedom of the top structure, the 
first phase in this study is to investigate a basic 3-rotor multi-turbine configuration. This 3-turbine 
top structure will serve as a building block that can be utilized in developing more complex multi-
rotor configurations such as a 7-rotor configuration. For the dynamic analysis of a wind turbine, 
the nacelle and rotors are considered as a lumped mass at the top of the tower (Mardfekri 
Rastehkenari 2012). Therefore, in the current study, the lumped mass assumption is applied to the 
3-rotor system to provide a practical approximation for each rotor’s mass at different heights of 
the top structure. The support structure is coupled with the 3-rotor top structure, and 5 Degrees of 
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Freedom (DOF) at the connection point of the top structure and the tower are considered.  
Assuming an infinite vertical stiffness for the support structure and rigid connection links between 
top structure rotors, these DOFs are defined as in-plane and out-of-plane translational deformations 
and rotations. Figure 3 shows the defined DOFs.  
 
 
 
  
Figure 3: Five degrees of freedom of the multi-rotor system 
 
 
 
To derive the parametric EOMs of the triangular building block, dynamic characteristics 
(mass, rotational and translational stiffness, and damping) of the support structure are applied as 
known variables to the point O. Point O is the connection point of the top structure and the support 
structure. It is obvious that these parameters have different values for various kinds of support 
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structures, such as gravity-based structures and steel structures. The difference may affect the 
system responses.  
 Figures 4a and 4b show the building block model, which is the triangular MRWT system, 
applied loads, and its defined equivalent model, where m1, m2 and m3 are the masses of rotors 1-3, 
mo is the mass of the support structure, kt is the translational stiffness, and kθ is the rotational 
stiffness of the support structure. In addition, l1 to l4 and R are the geometric dimensions of the top 
structure. 
 
 
 
 
 
a) Thrust-torque 
    triangular MRWT system 
b) Geometric & dynamic properties 
of 5 DOF equivalent model 
 
Figure 4: Three-Rotor Building Block Configuration 
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Position vector theory along with the lumped mass assumption is applied to derive the 
Equations of Motion (EOMs) based on the equilibrium equations of each DOF. According to the 
position vector theory, the displacement of each structural mass in the entire structural system can 
be mapped relating to the global position and DOFs of an origin point in the system. Considering 
the triangular building block configuration mentioned in figure 4, the origin point of the system 
(point O) is defined at the connection point of the top structure to the support structure. Similarly, 
the sign convention, DOFs, and the coordinate system at the origin point are shown in figure 5, 
where x, y and z stand for the directions of right-handed coordinate systems. iˆ , jˆ  and kˆ  show 
the unit vectors in Cartesian coordinates. u, v and w define the translational DOFs, and α, β and γ  
are the rotational DOFs of the 3-rotor building block system.  
 
 
 
 
 
Figure 5: Sign convention of the current mathematics formulation 
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2.2 Position Vectors of the Top Structure Rotors by Considering Large Deformations 
Considering the building block configuration shown in figure 6, and ( )r t  as the time-
dependent displacement vector, the position vector of each point is defined in equation (1). To 
follow D’Alembert’s principle of dynamic equations to derive the EOMs of the MRWT dynamic 
system, the corresponding time-dependent velocity, and acceleration vectors of each rotor are 
formulated in equations (2) and (3), respectively, 
       ˆ ˆ ˆu t v t w t  r t i j k                                           (1) 
       ˆ ˆ ˆu t v t w t  r t i j k                                                                                                          (2) 
       ˆ ˆ ˆu t v t w t  r t i j k                                                                                                         (3) 
where u(t) is the displacement of point O in the x-direction. v(t) is the displacement of point O in 
y-direction. w(t) is the displacement of point O in the z-direction. α(t) is the rotation of point O 
about the x-axis. β(t) is the rotation of point O about the y-axis, and γ(t) is the rotation of point O 
about the z-axis in real-time. 
 
 
 
 
Figure 6: Relative positions of each rotor to the origin point O 
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According to the position vector theory, the relative displacement of each point should be 
mapped by releasing each DOF independently. Figures 7 to 11 show the DOFs of the system and 
the corresponding deformations of the top structure. Applied loads induce displacements on the 
origin point O. In addition, the top structure is considered as a rigid body. Therefore, the same 
quantity of translational and rotational displacements are applied to each individual point of the 
top structure.  
Based on the top structure triangular configuration, the rotational geometric relationships 
along with the translational displacements, are formulating the position vector and the total 
displacement of each rotor in each direction. For example, if the origin point O, rotates exclusively 
about the x-direction by α(t), the entire triangular system will rotate by α(t), as well. In addition, 
considering the geometric principles shown in figure 11, this applied rotation will also result in 
some translational displacements in rotors 1-3 positions. An infinite stiffness for the tower 
structure in the z-direction is considered. Therefore, the axial deformation of the entire structural 
system would be zero, and no translational DOF is defined in the z-direction.  
The main objective of the current research is to investigate the importance and cooperation 
of large deformations in MRWT and corresponding nonlinear behavior of the structural system. 
Consequently, the basic small deformation geometric assumptions and theories such as sinα ≈ α 
and 
2
cos 1
2
α
α    are not applied to simplify the derived equations. 
Following the objective of the current research to consider large rotations and large 
displacements, results in having the angular velocity and acceleration uncoupled with geometric 
relationships and the rotational DOF in each direction. The nonlinear effects and cooperation of 
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these parameters are discussed in the following sections of the dissertation. Therefore, the induced 
large displacements, rotations, and the geometric parameters are described in figures 7 to 11.  
Regarding figure 7, the translational displacement of point O in the x-direction is defined 
as u. Correspondingly, and based on rigid body assumption, the translational displacement of the 
entire top structure system in the x-direction is defined as u. 
 
 
 
 
Figure 7: The translational displacement of top structure in the x-direction 
 
 
 
Similarly, considering figure 8, the translational displacement of point O in the y-direction 
is defined as v and this displacement will result in moving the entire top structure as v in the y-
direction.  
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Figure 8: The translational displacement of top structure in the y-direction 
 
 
 
The rotation of the origin point O and the top structure about the y-axis is defined as β and 
it is shown in figure 9, where, R is the relative position of rotor 3 to the origin point O, and               
(R-Rcosβ) and (Rsinβ) are respectively the translational displacements of rotor 3 in the negative z 
and positive x directions. 
 
 
  
 
Figure 9: The rotational displacement of top structure about the y-axis 
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Clearly, the rotation of the top structure about the y-axis as β will exclusively change the 
position of rotor 3 in the x and z directions due to the positions of rotors 1 and 2, which are aligned 
with the y-axis. 
Considering figure 10, the rotation of the origin point O and the top structure about the z-
axis as γ, and applying geometric relationships, the translational displacements of rotor 1 in the 
positive x and positive y directions are shown by (l1sinγ) and (l1-l1cosγ) respectively. Similarly, 
the translational displacements of rotor 2 in the negative x and negative y directions are shown by 
(l2sinγ) and (l2 -l2cosγ) respectively. Since rotor 3 is positioned on the z-axis, there will be no 
induced displacement to the rotor 3 position by the rotation about the z-axis. 
 
 
 
 
 
Figure 10: The rotational displacement of top structure about the z-axis 
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Figure 11: The rotational displacement of top structure about the x-axis 
 
 
 
As mentioned earlier, the rotation of the origin point O about the x-axis as α, shown in 
figure 11, results in the rotation of the entire top structure as α. This rotation would add noticeable 
translational displacements in the z and y directions of all three rotors of the top structure. i. e 
(l1sinα) and (l1 –l1cosα) are the displacement of rotor 1 in the negative z and positive y directions. 
Similarly, (l2sinα) and (l2 –l2cosα) are the displacement of rotor 2 in the positive z and negative y 
directions, and (R-Rcosα)  and  (Rsinα) are the displacement of rotor 3 in the z and y directions. 
Each DOF explained in figures 7 to 11, is applied independently, and the corresponding 
displacements in each direction are calculated. The position vector is defined based on the direction 
of the Cartesian coordinates, so three directions have to be considered with corresponding unit 
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vectors of iˆ , jˆ , and kˆ . Finally, by applying the sign convention shown in figure 3 and equations 
(1) to (3) for each rotor, the displacement, velocity, and acceleration vectors of each rotor are 
defined below. 
 Rotor 1 position vector according to the large deformations of the top structure 
Figures 12a to 12e show the rotor 1 position and its deformed positions according to the 
DOFs. The position, velocity, and acceleration vectors of the deformed rotor 1 in real-time are 
defined in equations (4) to (6), respectively. 
 
 
 
 
 
 
a) Relative position of 
rotor 1 to the origin 
point O 
b) Translational DOF in the x-
direction as u 
c) Translational DOF in the 
y-direction as v 
  
d) Rotational DOF about the x-axis as α e) Rotational DOF about the z-axis as γ 
Figure 12: Position and deformations of rotor 1 according to each DOF at the origin point O 
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Then,  
 
       1 1 1 1ˆ ˆ ˆ( ) sin ( ) ( ) cos ( ) cos ( ) sin ( )t u t l γ t + v t l α t l γ t l α t    1r i j k                                                 (4) 
 
   
 
 
1
1 1
1
ˆ( ) ( ) cos ( )
ˆ          ( ) ( ) sin ( ) ( ) sin ( )
ˆ          ( ) cos ( )
t u t γ t l γ t
v t α t l α t γ t l γ t
α t l α t
  
  
1r i
j
k
                                                                           (5) 
   
 
 
2
1 1
2 2
1 1 1 1
2
1 1
ˆ( ) ( ) cos ( ) ( ) sin ( )
ˆ          ( ) ( ) sin ( ) ( ) cos ( ) ( ) sin ( ) ( ) cos ( )
ˆ          ( ) sin ( ) ( ) cos ( )
t u t γ t l γ t γ t l γ t
v t α t l α t α t l α t γ t l γ t γ t l γ t
α t l α t α t l α t
   
    

1r i
j
k
                           (6) 
where 1l  is the distance of rotor 1 to the origin point O; u(t) is real-time displacement of the system 
in the x-direction, ( )u t  and ( )u t  are correspondingly the time-dependent velocity, and 
acceleration vectors; α(t) is the rotation of top structure about the x-axis, ( )α t  and ( )α t  are 
respectively the corresponding rotational velocity and rotational acceleration. Similarly, v(t) is 
real-time displacement of the system in the y-direction, ( )v t  and ( )v t  are correspondingly the 
time-dependent velocity and acceleration vectors; γ(t) is the time-dependent rotation of top 
structure about the z-axis, ( )γ t  and ( )γ t  are respectively the corresponding rotational velocity 
and rotational acceleration.   
 Rotor 2 position vector according to the large deformations of the top structure 
Figures 13a to 13e show the rotor 2 position and its deformed positions according to the 
DOFs. The position, velocity, and acceleration vectors of the deformed rotor 2 in real-time are 
defined in equations (7) to (9), respectively. 
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a) Relative position of rotor 
2 to the origin point O 
b) Translational DOF in the 
x-direction as u 
c) Translational DOF in the 
y-direction as v 
  
d) Rotational DOF about the x-axis as α e) Rotational DOF about the z-axis as γ 
Figure 13: Position and deformations of rotor 2 according to each DOF at the origin point O 
 
 
 
Therefore, 
       2 2 2 2ˆ ˆ ˆ( ) sin ( ) ( ) cos ( ) cos ( ) sin ( )t u t l γ t v t l α t l γ t l α t     2r i j k                                                 (7) 
 
   
 
 
2
2 2
2
ˆ( ) ( ) cos ( )
ˆ          ( ) ( ) sin ( ) ( ) sin ( )
ˆ          ( ) cos ( )
t u t γ t l γ t
v t α t l α t γ t l γ t
α t l α t
  
  
2r i
j
k
                                                                          (8) 
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   
 
 
2
2 2
2 2
2 2 2 2
2
2 2
ˆ( ) ( ) cos ( ) ( ) sin ( )
ˆ          ( ) ( ) sin ( ) ( ) cos ( ) ( ) sin ( ) ( ) cos ( )
ˆ          ( ) cos ( ) ( ) sin ( )
t u t γ t l γ t γ t l γ t
v t α t l α t α t l α t γ t l γ t γ t l γ t
α t l α t α t l α t
   
    

2r i
j
k
                               (9) 
 
where l2 is the distance of rotor 2 to the origin point O; u(t) is real-time displacement of the system 
in the x-direction, ( )u t  and ( )u t  are correspondingly the time-dependent velocity, and 
acceleration vectors; α(t) is the rotation of top structure about the x-axis, ( )α t  and ( )α t  are 
respectively the corresponding rotational velocity and rotational acceleration. Similarly, v(t) is 
real-time displacement of the system in the y-direction, ( )v t  and ( )v t  are correspondingly the 
time-dependent velocity and acceleration vectors; γ(t) is the time-dependent rotation of top 
structure about the z-axis, ( )γ t  and ( )γ t  are respectively the corresponding rotational velocity 
and rotational acceleration. 
 Rotor 3 position vector according to the large deformations of the top structure 
Figures 14a to 14e show the rotor 3 position and its deformed positions according to the 
DOFs. The position, velocity, and acceleration vectors of the deformed rotor 3 in real-time are 
defined in equations (10) to (12), respectively. 
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a) Relative position of 
rotor 3 to the origin point 
O 
b) Translational DOF in the 
x-direction as u 
c) Translational DOF in the y-
direction as v 
  
d) Rotational DOF about the x-axis as β e) Rotational DOF about the z-axis as α 
Figure 14: Position and deformations of rotor 3 according to each DOF at the origin point O 
 
 
 
Then,  
 
        ˆ ˆ ˆ( ) sin ( ) ( ) sin ( ) cos ( ) cos ( )t u t R β t v t R α t R α t R β t     3r i j k      (10) 
 
   
 
 
ˆ( ) ( ) cos ( )
ˆ           ( ) ( ) cos ( )
ˆ           ( ) sin ( ) ( ) sin ( )
t u t β t R β t
v t α t R α t
α t R α t β t R β t
  
 

3
r i
j
k
                                                                                         (11) 
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   
 
 
2
2
2 2
ˆ( ) ( ) sin ( ) ( ) cos ( )
ˆ           ( ) ( ) sin ( ) ( ) cos ( )
ˆ           ( ) cos ( ) ( ) sin ( ) ( ) cos ( ) ( ) sin ( )
t u t β t R β t β t R β t
v t α t R α t α t R α t
α t R α t α t R α t β t R β t β t R β t
   
  
  
3
r i
j
k
  (12) 
    
where R is the distance of rotor 3 to the origin point O; u(t) is real-time displacement of the system 
in the x-direction, ( )u t  and ( )u t  are correspondingly the time-dependent velocity, and 
acceleration vectors; α(t) is the rotation of top structure about the x-axis, ( )α t  and ( )α t  are 
respectively the corresponding rotational velocity and rotational acceleration. Similarly, v(t) is 
real-time displacement of the system in the y-direction, ( )v t  and ( )v t  are correspondingly the 
time-dependent velocity and acceleration vectors; β(t) is the time-dependent rotation of top 
structure about the y-axis, ( )β t  and ( )β t  are the corresponding rotational velocity and rotational 
acceleration. Note that the rotation sign should be included in the position vectors. i.e. counter 
clock wise is positive.  
2.3 Deriving the Equations of Motion of the 3-rotor structural system 
The equations of dynamic motion are derived based on D’Alembert’s principle of dynamic 
equations.  D’Alembert’s principle, equation (13), is a basic classical law of motion. It describes 
that the summation of all externally applied loads, reactions, and inertia forces should be zero in 
the direction of interest. In other words, equation (13) explains the equilibrium relationship while 
each corresponding DOF is released. 
( ) 0i i i
i
m  F a                                                                                                                          (13) 
where Fi is the equivalent external force that has been applied in the direction of interest, mi is the 
mass of the ith displaced point; ai is the corresponding acceleration of the ith  point that has been 
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derived based on the position vector theory, and miai is the inertia force of the mass in the direction 
of interest. 
It should be mentioned that in the current research all the position, velocity, and 
acceleration vectors of each rotor are derived based on the sign convention mentioned earlier in 
figure 5. Therefore, in deriving the EOMs, all the inertia forces and moments of each direction will 
be considered in the opposite direction of the defined Cartesian coordinate. This assumption would 
provide a consistent and clearer procedure in deriving the EOMs of a complex dynamic system, 
such as the current MRWT system. The corresponding inertia forces and moments to each DOF 
are shown in figures 15 to 19 respectively. 
Accordingly, by considering real-time translational displacement in the x-direction as the 
first DOF of the triangular building block, figure 15, the first equilibrium equation of motion is 
defined in equation (14),  
1 1 2 2 3 3
( ( ) ( ) ( ) ( )) 0 
     ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0
x i xi x x
e
x x x x O x x
F t m a t c u t k u t
F t m a t m a t m a t m u t c u t k u t
   
      

                                                 (14) 
where m1 to m3 are the masses of rotors 1-3. mO is the substructure mass; cx defines the structural 
damping of the tower in the x-direction; kx defines the translational stiffness of the tower in the x-
direction; Fxe(t) is real-time equivalent of horizontal forces (thrusts) applied on the rotors of the 
top structure, and ax1(t) to ax3(t)  are the time-dependent accelerations of rotors 1-3 in the x-
direction. Acceleration values of ax1(t), ax2(t), and ax3(t)  are defined based on the component i  of 
equations (6), (9), and (12), respectively. ( )u t  and ( )u t  also defines real-time velocity and 
acceleration of the origin point O according to the displacement u(t) in the x-direction.  
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 Considering the values of the parameters described above, equation (15) defines the first 
EOM of the triangular building block,  
 
 
1 2 3
3
1 1 2 2
2
3
2
2 2 1 1
( )
( ) cos ( )
( ) cos ( ) cos ( )
( ) sin ( )
( )( sin ( ) sin ( ))
( ) ( ) ( ) 0
O
e
x x x
u t m m m m
β t m R β t
γ t m l γ t m l γ t
β t m R β t
γ t m l γ t m l γ t
c u t k u t F t
   

 

 
  
                                                                                                   (15) 
 
Where l1, l2, and R are the distances of rotors 1-3 to the origin point O respectively. β(t) is the 
rotation of the top structure about the y-axis, ( )β t  and ( )β t  are respectively the corresponding 
rotational velocity and rotational acceleration. Similarly, γ(t) is the rotation of the top structure 
about the z-axis, ( )γ t  and ( )γ t  are respectively the corresponding rotational velocity and 
rotational acceleration. 
Although the first EOM derivation phases and calculations have been described 
comprehensively, to decrease the complexity of fundamental calculations and provide a generic 
formulation, the symmetric building block model with 3 rotors will be considered.  Assuming the 
mass of each rotor as m, the tower mass as mO, and the distances of rotors 1 and 2 to the origin 
point O equal to l, equation (16) presents the first EOM of the symmetric triangular building 
block. 
   2( ) 3 ( ) cos ( ) ( ) sin ( ) ( ) ( ) ( ) 0 e
O x x x
u t m m β t mR β t β t mR β t c u t k u t F t                                          (16) 
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Figure 15: Deformation of the top structure in the x-direction, equivalent resultant external force, 
due to the wind-induced thrust on the turbines, inertia, and reaction forces 
 
 
 
Similarly, by considering the translational displacement in the y-direction as the second 
DOF of the triangular building block, figure 16,  the second equilibrium equation of motion is 
defined in equation (17),  
1 1 2 2 3 3
( ( ) ( ) ( ) ( )) 0 
     ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0
y i yi y y
e
y y y y O y y
F t m a t c v t k v t
F t m a t m a t m a t m v t c v t k v t
   
      

                                              (17) 
where m1 to m3 are the masses of rotors 1-3. mO is the substructure mass. cy defines the structural 
damping of the tower in the y-direction. ky defines the translational stiffness of the tower in the y-
direction; Fye(t) is real-time equivalent of horizontal forces applied on the top structure, and ay1(t) 
to ay3(t) are the time-dependent accelerations of rotors 1-3 in the y-direction. Acceleration values 
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of ay1(t), ay2(t), and ay3(t) are defined based on the component j of equations (6), (9), and (12), 
respectively. ( )v t  and ( )v t  also defines real-time velocity and acceleration of the origin point O 
according to the displacement v(t) in the y-direction.  
 Considering the values of the parameters described above, equation (18) defines the second 
EOM of the triangular building block,  
 
 
 
 
1 2 3
1 1 2 2 3
1 1 2 2
2
1 1 2 2 3
2
1 1 2 2
( )
( ) sin ( ) sin ( ) cos ( )
( ) sin ( ) sin ( )
( ) cos ( ) cos ( ) sin ( )
( )( cos ( ) cos ( ))
( ) ( ) ( ) 0
O
e
y y y
v t m m m m
α t m l α t m l α t m R α t
γ t m l γ t m l γ t
α t m l α t m l α t m R α t
γ t m l γ t m l γ t
c v t k v t F t
   
  
 
  
 
  
                                                                          (18) 
                              
where l1, l2 and R are the distances of rotors 1-3 to the origin point O respectively; α(t) is real-
time rotation of the top structure about the y-axis, ( )α t  and ( )α t  are respectively the time-
dependent corresponding rotational velocity and rotational acceleration. Similarly, γ(t) is the 
rotation of the top structure about the z-axis, ( )γ t and ( )γ t  are respectively the corresponding 
rotational velocity and rotational acceleration. 
Although the second EOM derivation phases and calculations have been described 
comprehensively, to decrease the complexity of fundamental calculations and provide a generic 
formulation, the symmetric building block model with 3 rotors will be considered. Assuming the 
mass of each rotor as m, the tower mass as mO, and the distances of rotors1 and 2 to the origin 
point O equal to l, equation (19) presents the second EOM of the symmetric triangular building 
block. 
  2( ) 3 ( ) cos ( ) ( ) sin ( ) ( ) ( ) ( ) 0 ey y yOv t m m α t mR α t α t mR α t c v t k v t F t                                              (19) 
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Figure 16: Deformation of the top structure in the y-direction, equivalent resultant external force, 
inertia, and reaction forces 
 
 
 
Similarly, by considering figure 17, which shows the roll forces and the rotation about the 
x-axis as the third DOF of the triangular building block, the third equilibrium equation of motion 
is defined in equation (20), 
 
1 1 1 1 1 1
2 2 2 2 2 2 3 3 3 3 3 3
( ) ( ) ( ) ( ) 0 
     ( ) ( ) ( ) ( ) ( ) ( )
    ( ) ( ) ( ) ( ) 0
x x
x x
x i i i θ θ
e
X O θ θ y y z z
y y z z y y z z
M t m a t d c α t k α t
M t I α t c α t k α t m a t d m a t d
m a t d m a t d m a t d m a t d
   
     
   

                                                       (20) 
where m1 to m3 are the masses of rotors 1-3. IO is the moment of inertia of the substructure. cθx 
defines the rotational damping of the tower due to the rotation about the x-axis. kθx defines the 
rotational stiffness of the tower in the x-direction. Mxe(t) is real-time equivalent resultant external 
moment due to the wind-induced torque applied on the top structure, and ay1(t) to ay3(t) are the 
time-dependent accelerations of rotors 1-3 in the y-direction. Acceleration values of ay1(t), ay2(t),  
and ay3(t)  are defined based on the component  j of the equations (6), (9), and (12) respectively. 
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α(t) is the rotation of the origin point O about the x-axis. ( )α t  and ( )α t  also define real-time 
rotational velocity and acceleration, respectively. dy1 to dy3 are respectively, the relative distance 
of rotors 1-3 in the y-direction to the origin point O. Similarly, az1(t) to az3(t)  are the time-
dependent accelerations of rotors 1-3 in the z-direction. Acceleration values of az1(t), az2(t) and 
az3(t) are defined based on the component k of equations (6), (9), and (12), respectively. dz1 to dz3 
are subsequently, the relative distances of rotors 1-3 in the z-direction to the origin point O. The 
distances mentioned are described by geometric relationships in figure 17.  
 
 
 
 
 
Figure 17: Rotation of top structure about the x-axis, equivalent roll forces due to the wind-
induced torque on the turbines, and inertia forces 
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Furthermore, the moment of inertia, IO, for a structure consisted of lumped masses is 
defined by equation 
2
O i i
I m d where mi is the mass of rotor i, and di is the distance of rotor i 
to the axis of rotation O. As mentioned earlier, according to one of the basic assumptions of the 
current research, the structural system point of rotation is considered to be at the origin point O, 
and the substructure dynamic characteristics are also applied at point O. Therefore, the distance 
between the point of rotation and the substructure mass is zero, which results in omitting the term 
( )
O
I α t  that describes the inertia torque resultant of the substructure. 
Considering the values of the described parameters above, equation (21) defines the general 
formulation of the third EOM.  
 
 
1 1 2 2 3
2 2 2 2
1 1 2 2
2 2 2 2
1 1 2 2
2 2 2 2
3 3
2
3
2 2
1 1 2 2
( ) sin ( ) sin ( ) cos ( )
sin ( ) sin ( )
( ) cos ( ) cos ( )
cos ( ) sin ( )
( ) sin ( )sin ( )
( ) sin ( )sin ( ) sin (
v t m l α t m l α t m R α t
m l α t m l α t
α t m l α t m l α t
m R α t m R α t
β t m R α t β t
γ t m l α t γ t m l α
  
  
 
   
 
 

 
2 2
1 1 2 2
2 2 2
1 1 2 2
2 2
3 3
2 2
3
2 2 2
1 1 2 2
)sin ( )
sin ( )cos ( ) sin ( )cos ( )
( ) cos ( )sin ( ) cos ( )sin ( )
cos ( )sin ( ) sin ( )cos ( )
( ) sin ( )cos ( )
( ) sin ( )cos ( )
t γ t
m l α t α t m l α t α t
α t m l α t α t m l α t α t
m R α t α t m R α t α t
β t m R α t β t
γ t m l α t γ t m l

  
 
   
 
 

 sin ( )cos ( )
( ) ( ) ( ) 0
x x
e
θ θ x
α t γ t
c α t k α t M t

  
                (21) 
Arranging the components of equation (21) based on the same DOF and unknown parameter 
results in equation (22).  
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 
     
   
 
1 1 2 2 3
2 2 2 2 2 2 2
3 1 1 2 2
2 2 2
3 1 1 2 2
2 2 2 2 2
2 2 1 1 3 2 2 1
( ) sin ( ) sin ( ) cos ( )
( ) cos ( ) sin ( ) cos ( ) sin ( )
( ) sin ( )sin ( ( ) sin ( )sin ( )
( ) sin ( )cos ( )
v t m l α t m l α t m R α t
α t m R α t α t m l m l α t α t
β t m R β t α t γ t m l m l α t γ t
α t m l m l m R α t α t m l m l
  
    
  
     
   
2 2
1 3
2 2 2 2 2
3 1 1 2 2
sin ( )cos ( )
( ) cos ( )sin ( ) ( ) sin ( )cos ( )
( ) ( ) ( ) 0
x x
e
θ θ x
m R α t α t
β t m R β t α t γ t m l m l α t γ t
c α t k α t M t
 
  
  
                           (22) 
   
Finally, equation (23) is the simplified format of the third EOM of the triangular building block,  
 
 
 
 
 
 
1 1 2 2 3
2 2 2
1 1 2 2 3
2
3
2 2
1 1 2 2
2 2
3
2 2 2
1 1 2 2
( ) sin ( ) sin ( ) cos ( )
( )
( ) sin ( )sin ( )
( ) sin ( )sin ( )
( ) cos ( )sin ( )
( ) sin ( )cos ( )
( ) ( ) (
x x
e
θ θ x
v t m l α t m l α t m R α t
α t m l m l m R
β t m R β t α t
γ t m l m l α t γ t
β t m R β t α t
γ t m l m l α t γ t
c α t k α t M t
  
  

 

 
  ) 0
                                  (23) 
 
where l1, l2 and R are the distances of rotors 1 to 3 to the origin point O respectively. β(t) is real-
time rotation of the top structure about the y-axis, ( )β t  and ( )β t  are respectively the corresponding 
rotational velocity and rotational acceleration. Similarly, γ(t) is real-time rotation of the top 
structure about the z-axis, ( )γ t  and ( )γ t  are respectively the corresponding rotational velocity 
and rotational acceleration. Furthermore, α(t) is real-time rotation of the top structure about the 
x-axis, ( )α t  and ( )α t  are respectively the corresponding rotational velocity and rotational 
acceleration. ( )v t  and ( )v t  also respectively define real-time velocity and acceleration of the 
origin point O according to the displacement as v(t) in the y-direction.  
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  Although the third EOM derivation phases and calculations have been described 
comprehensively, to decrease the complexity of fundamental calculations and provide a generic 
formulation, the symmetric building block model with 3 rotors will be considered. Assuming the 
mass of each rotor as m, and the distances of rotors 1 and 2 to the origin point O equal to l, 
equation (24) presents the third EOM of the symmetric triangular building block. 
  
 
 
 
 
 
 
2 2
2
2
2 2
2 2
( ) cos ( )
( ) 2
( ) sin ( )sin ( )
( ) 2 sin ( )sin ( )
( ) sin ( )cos ( )
( ) 2 sin ( )cos ( )
( ) ( ) ( ) 0 
x x
e
θ θ x
v t mR α t
α t l R m
β t mR α t β t
γ t ml α t γ t
β t mR α t β t
γ t ml α t γ t
c α t k α t M t
 
 




  
                                                                                                        (24) 
  
Similarly, by considering figure 18 that shows the pitch force and the rotation about the y-
axis as the fourth DOF of the triangular building block, the fourth equilibrium equation of motion 
is defined in equation (25), 
 
3 3 3 3 3 3
( ) ( ) ( ) ( ) 0 
     ( ) ( ) ( ) ( ) ( ) ( ) 0
y y
y y
y i i i θ θ
e
y O θ θ x x z z
M t m a t d c β t k β t
M t I β t c β t k β t m a t d m a t d
   
     

                                                 (25) 
where m3 is the rotor 3 mass. IO is the moment of inertia of the substructure. cθy is the 
torsional damping of the tower due to the rotation about the y-axis. kθy defines the rotational 
stiffness of the tower in the y-direction. Mye(t) is real-time equivalent moment of pitch forces 
applied on the top structure, and ax3(t) is the time-dependent acceleration of  rotor 3 in the x-
direction that is defined based on the component i of equation (12). β(t) is the rotation of the origin 
point O about the y-axis. ( )β t  and ( )β t  also show real-time rotational velocity and acceleration, 
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respectively. dx3 is the relative distance of rotor 3 in the x-direction to the origin point O, and it is 
equal to sin ( )R β t . Similarly, az3(t) is the time-dependent acceleration of rotor 3 in the z-
direction.  Acceleration value of az3(t)  is defined based on component k of equation (12), and dz3 
is the relative distance of rotor 3 in the z-direction to the origin point O, and it is defined by
cos ( )R β t . The distances mentioned are described by geometric relationships in figure 16. 
Furthermore, based on the assumptions and concepts explained previously, the moment of inertia 
of the substructure, IO, is zero, and term ( )OI β t  that described the resultant inertia moment of the 
substructure will be omitted from equation (25).   
 
 
 
 
Figure 18: Rotation of top structure about the y-axis, equivalent pitch forces, inertia, and reaction 
forces 
 
 
 
Considering the values of the parameters described above, equation (26) defines the general 
formulation of the fourth EOM. 
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 
 
2 2
3
2
3
sin ( ) sin ( ) ( ) sin ( ) ( ) cos ( ) ( ) cos ( ) ( )
cos ( ) ( ) cos ( ) ( ) sin ( ) ( )
( ) ( ) ( ) 0
y y
e
θ θ y
m R β t R α t α t R β t β t R α t α t R β t β t
m R β t u t R β t β t R β t β t
c β t k β t M t
   
  
  
  (26) 
Finally, equation (27) is the simplified format of the fourth EOM of the triangular building block,  
   
 
2 2
3 3 3
2 2
3
( ) cos ( ) ( ) sin ( )sin ( ) ( )
( ) cos ( )sin ( )
( ) ( ) ( ) 0   
y y
e
θ θ y
u t m R β t α t m R α t β t β t m R
α t m R α t β t
c β t k β t M t
  

  
                                                          (27) 
 
where R is the distance of rotor 3 to the origin point O. β(t) is real-time rotation of the top structure 
about the y-axis, ( )β t  and ( )β t  are respectively the corresponding rotational velocity and 
rotational acceleration. Furthermore, α(t) is real-time rotation of top structure about the x-axis, 
( )α t  and ( )α t  are respectively the corresponding rotational velocity and rotational acceleration. 
( )u t  and ( )u t  also respectively, define real-time velocity and acceleration of the origin point O 
according to the displacement  u(t) in the x-direction.  
Although the fourth EOM derivation phases and calculations have been described 
comprehensively, to decrease the complexity of fundamental calculations and provide a generic 
formulation, the symmetric building block model with 3 rotors will be considered. Assuming the 
mass of rotor 3 as the constant value m, and the distance of rotor 3 to the origin point O equal to 
R, equation (28) presents the fourth EOM of the symmetric triangular building block. 
 
 
 
2
2
2 2
( ) cos ( )
( ) sin ( )sin ( )
( )
( ) cos ( )sin ( )
( ) ( ) ( ) 0 
y y
e
θ θ y
u t mR β t
α t mR α t β t
β t mR
α t mR α t β t
c β t k β t M t




  
                                                                                                   (28) 
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Similarly, by considering the rotation about the z-axis as the fifth DOF of the triangular 
building block, figure 19, the fifth equilibrium equation of motion is defined in equation (29), 
 
1 1 1 2 2 2 1 1 1 2 2 2
( ) ( ) ( ) ( ) 0 
     ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0
z z
z z
z i i i θ θ
e
z O θ θ x x x x y y y y
M t m a t d c γ t k γ t
M t I γ t c γ t k γ t m a t d m a t d m a t d m a t d
   
       

                        (29) 
where m1 and m2 are the rotor 1 and  rotor 2 masses. IO is the moment of inertia of the substructure; 
cθz is the rotational damping of the tower due to the rotation about the z-axis. kθz defines the 
rotational stiffness of the tower in the z-direction; Mze(t) is real-time equivalent moment of yaw 
forces applied on the top structure, and ay1(t) and ay2(t) are the time-dependent accelerations of 
rotors 1 and 2 in the y-direction. Acceleration values of ay1(t) and ay2(t) are defined based on the 
component j of equations (6) and (9) respectively. ( )γ t  also defines real-time rotational 
acceleration of the origin point O according to the rotation of γ(t) about z-axis. dy1 and dy2 are 
respectively the relative distances of rotors 1 and 2 in the y-direction to the origin point O. 
Similarly, ax1(t) and ax2(t) are the time-dependent accelerations of rotor 1 and rotor 2 in the x-
direction. Acceleration values of ax1(t) and ax2(t) are defined based on the component i of equations 
(6) and (9) respectively.  
In addition, dx1 and dx2 are respectively the relative distances of rotors 1 and 2 in the x-
direction to the origin point O. The distances mentioned are described by geometric relationships 
in figure 17.  
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Figure 19: Rotation of top structure about the z-axis, equivalent yaw forces, inertia, and reaction 
forces 
 
 
 
Moreover, based on the assumptions and concepts explained previously, the moment of 
inertia of the substructure, IO, is zero, and term ( )OI γ t  that described the resultant inertia moment 
of the substructure will be omitted from equation (29).   
Considering the values of the parameters described above, equation (30) defines the 
general formulation of the fifth EOM. 
 
 
2 2
2 2 2 2 2 2
2 2
1 1 1 1 1 1
2 2 2
sin ( ) ( ) sin ( ) ( ) cos ( ) ( ) sin ( ) ( ) cos ( ) ( )
sin ( ) ( ) sin ( ) ( ) cos ( ) ( ) sin ( ) ( ) cos ( ) ( )
cos ( ) ( ) cos ( ) (
m l γ t v t l α t α t l α t α t l γ t γ t l γ t γ t
m l γ t v t l α t α t l α t α t l γ t γ t l γ t γ t
m l γ t u t l γ t γ t
     
    
  
 
2
2
2
1 1 1 1
) sin ( ) ( )
cos ( ) ( ) cos ( ) ( ) sin ( ) ( )
( ) ( ) ( ) 0
z z
e
θ θ z
l γ t γ t
m l γ t u t l γ t γ t l γ t γ t
c γ t k γ t M t
 
  
  
  (30) 
 40 
 
Finally, equation (31) is the simplified format of the fifth EOM of the triangular building block,  
 
 
 
 
 
1 1 2 2
1 1 2 2
2 2
1 1 2 2
2 2
1 1 2 2
2 2 2
1 1 2 2
( ) cos ( ) cos ( )
( ) sin ( ) sin ( )
( ) sin ( )sin ( )
( )
( ) sin ( )cos ( )
( ) ( ) ( ) 0  
z z
e
θ θ z
u t m l γ t m l γ t
v t m l γ t m l γ t
α t m l m l γ t α t
γ t m l m l
α t m l m l γ t α t
c γ t k γ t M t
 
 
 
 
 
  
                                                                                               (31) 
 
where l1 and l2 are the distances of rotors 1 and 2 to the origin point O respectively. γ(t) is real-
time rotation of the top structure about the z-axis, ( )γ t  and ( )γ t  are respectively the corresponding 
rotational velocity and rotational acceleration. Similarly, α(t) is real-time rotation of the top 
structure about the x-axis, ( )α t  and ( )α t  are the corresponding rotational velocity and rotational 
acceleration respectively. ( )v t  and ( )v t  also respectively define real-time velocity and 
acceleration of the origin point O according to the displacement as v(t) in the y-direction. In 
addition, ( )u t  and ( )u t  also define real-time velocity and acceleration of the origin point O 
according to the displacement as u(t) in the x-direction. 
Although the fifth EOM derivation phases and calculations have been described 
comprehensively, to decrease the complexity of fundamental calculations and provide a generic 
formulation, the symmetric building block model with 3 rotors will be considered. Assuming the 
mass of each rotor as m, and the distances of rotors 1 and 2 to the origin point O equal to l, equation 
(32) presents the fifth EOM of the symmetric triangular building block.  
   
 
2 2
2 2
( ) 2 sin ( )sin ( ) ( ) 2
( ) 2 sin ( )cos ( ) ( ) ( ) ( ) 0
z z
e
θ θ z
α t ml γ t α t γ t ml
α t ml γ t α t c γ t k γ t M t
 
   
                                                            (32) 
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In summary, equations of motion (15) to (32) present the dynamic characteristics of the 
triangular building block structural system and its symmetric configuration. Consequently, the 
general EOMs and symmetric EOMs previously derived are summarized in tables 1 and 2. 
 
 
 
Table 1: General formulation of EOMs of the 3-rotor triangular building block 
EOM Formulation 
In-text 
equation 
number 
 
3
1
( ) ( ) ( ) ( ) 0 ex i xi x x
i
F t m a t c u t k u t

     
 
 
 
1 2 3
1 1
2 2
3
2
3
2 22
1 1
( )
cos ( )
( )
cos ( )
( ) cos ( )
( ) sin ( )
sin ( )
( )
sin ( )
( ) ( ) ( ) 0
O
e
x x x
u t m m m m
m l γ t
γ t
m l γ t
β t m R β t
β t m R β t
m l γ t
γ t
m l γ t
c u t k u t F t
   
 
 
 


 
 
 
  
 
 
 
(15) 
 
3
1
( ) ( ) ( ) ( ) 0 y i yi y y
i
F t m a t c v t k v t

     
 1 2 3
1 1
2 2
3
1 1
2 2
1 1
2
2 2
3
1 12
2 2
( )
sin ( )
( ) sin ( )
cos ( )
sin ( )
( )
sin ( )
cos ( )
( ) cos ( )
sin ( )
cos ( )
 ( )
cos ( )
( )
O
y
v t m m m m
m l α t
α t m l α t
m R α t
m l γ t
γ t
m l γ t
m l α t
α t m l α t
m R α t
m l γ t
γ t
m l γ t
c v t
   
 
 
  
 
 
 
 
 
 
 
  
 
 
 
 
 
( ) ( ) 0ey yk v t F t  
 (18) 
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    Table 1 Continued. 
EOM Formulation 
In-text 
equation 
number 
 
3
1
,
( ) ( ) ( )
( ) 0
 
x x
e
x θ θ
i ji ji
i
j x y
M t c α t k α t
m a t d


  
  
 
 
 
 
 
1 1
2 2
3
2 2 2
1 1 2 2 3
2
3
2 2
1 1 2 2
2 2
3
2 2 2
1 1 2 2
sin ( )
( ) sin ( )
cos ( )
( )
( ) sin ( )sin ( )
( ) sin ( )sin ( )
( ) cos ( )sin ( )
( ) sin ( )cos ( )
( )
x xθ θ
m l α t
v t m l α t
m R α t
α t m l m l m R
β t m R β t α t
γ t m l m l α t γ t
β t m R β t α t
γ t m l m l α t γ t
c α t k
 
 
  
 
 
  

 

 
 ( ) ( ) 0exα t M t 
 
(23) 
 
3
1
 ,
( ) ( ) ( )
( ) 0 
y y y
e
θ θ
i ji ji
i
j x z
M t c β t k β t
m a t d


  
  
 
 
 
 
3
2
3
2
3
2 2
3
( ) cos ( )
( ) sin ( )sin ( )
( )
( ) cos ( )sin ( )
( ) ( ) ( ) 0   
y y
e
θ θ y
u t m R β t
α t m R α t β t
β t m R
α t m R α t β t
c β t k β t M t




  
 (27) 
 
3
1
,
( ) ( ) ( )
( ) 0
z z z
e
θ θ
i ji ji
i
j x y
M t c γ t k γ t
m a t d


  
  
 
 
 
1 1
2 2
1 1
2 2
2 2
1 1 2 2
2 2
1 1 2 2
2 2 2
1 1 2 2
cos ( )
( )
cos ( )
sin ( )
( )
sin ( )
( ) sin ( )sin ( )
( )
( ) sin ( )cos ( )
( ) ( ) ( ) 0  
z z
e
θ θ z
m l γ t
u t
m l γ t
m l γ t
v t
m l γ t
α t m l m l γ t α t
γ t m l m l
α t m l m l γ t α t
c γ t k γ t M t
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
(31) 
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Table 2: EOMs of the symmetric configuration of 3-rotor triangular building block 
EOM Formulation 
In-text 
equation 
number 
 
3
1
( ) ( ) ( ) ( ) 0 ex i xi x x
i
F t m a t c u t k u t

     
 
 
 2
( ) 3
( ) cos ( )
 ( ) sin ( )
( ) ( ) ( ) 0 
O
e
x x x
u t m m
β t mR β t
β t mR β t
c u t k u t F t
 


  
 
 
 
(16) 
 
3
1
( ) ( ) ( ) ( ) 0 y i yi y y
i
F t m a t c v t k v t

     
 
 
 2
( ) 3
( ) cos ( )
( ) sin ( )
( ) ( ) ( ) 0 
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       Table 2 Continued. 
EOM Formulation 
In-text 
equation 
number 
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Comparing table 1 and table 2 clearly demonstrates the differences between two types of 
derived EOMs. As it was clarified in sections 2.2 and 2.3, some rotational DOFs will cause 
additional translational displacements in the x, y and z directions as well. The induced 
displacements and corresponding velocities and accelerations would be partly omitted from the 
EOMs by considering geometric and material symmetry. For example, by applying the geometric 
symmetry to the position vectors of each pair of horizontal rotors, relative to the origin point O, 
the translational displacements and rotations of rotors 1 and 2 turn out to be the same in magnitude 
and opposite in direction. Therefore, for some of the DOFs, rotational or translational-coupled 
components in the basic derived EOMs will be canceled out. 
As an example to clarify the comparison above, equations (15) and (16) are explained. Top 
structure rotation about the z-axis, induces translational displacements in the x-direction to the 
aligned rotors of 1 and 2. By applying the geometric symmetry in the formulation of equation (15), 
these described translational displacements turn out to be the same in magnitude and opposite in 
the direction. Therefore, the total resultant rotational component about the z-axis will be zero, and 
the simplified formulation is shown in equation (16).  
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2.4 Matrix Arrangement of EOMs of the 3-Rotor Building Block 
It is assumed that the physical-dynamic properties of the MRWT system (mass, stiffness, 
and damping) remain the same during the entire loading and analysis process. Therefore, although 
large induced deformations were considered, the whole system is still investigated as a linear 
elastic structural system (Clough and Penzien 1993). It is predicted that large rotations and 
displacements will result in different orders of nonlinearities in the equations and responses. 
Accordingly, to decrease the level of complexity of fundamental calculations and apply the 
proposed formulation to the dynamic analysis of MRWT systems with more than 3 rotors, the 
symmetric building block model will be investigated in the current research. Furthermore, 
considering symmetry in the structural components and materials of the building block system will 
meet the objective of reducing the cost and providing more affordable and efficient systems of 
deploying wind resources.  
In the classic form of the equations of motion, which govern the deformation of a Multi-
Degree of Freedom (MDOF) linear elastic system, each physical parameter will be defined as a 
matrix containing the characteristics of all DOFs (Chopra 2005). This approach yields a system of 
linear coupled equations of motion presented in equation (33), 
               0    M t C t K t t   r r r F                                                                       (33) 
where  M presents the mass matrix,  C shows the damping matrix of the structural system, and 
 K defines the stiffness matrix of the system.  tr  is the vector of DOFs of the structural system. 
Respectively,  tr  and  tr  present the velocity and acceleration vectors of the corresponding 
DOFs. Finally,  tF  is the time-dependent loading vector. 
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Consequently, the classic matrix formulation of equations of motion for a MDOF system is applied 
to the EOMs of the symmetric building block. However, a preliminary analysis that considers 
EOMs for symmetric building block (table 2), has resulted in the identification of additional 
nonlinear terms that contribute to the response behavior as shown in equation (34). 
          
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         
                          (34) 
Where,  M  is the classic mass matrix.  K  is the stiffness matrix, and  C is the damping 
matrix.  A  and  B  are the new matrices that contained nonlinear coupled terms. α(t) is the 
rotation of top structure about the x-axis, ( )α t  and ( )α t  are respectively the corresponding 
rotational velocity and rotational acceleration. β(t) is the rotation of top structure about the y-axis, 
( )β t  and ( )β t  are respectively the corresponding rotational velocity and rotational acceleration. 
Similarly, γ(t) is the rotation of top structure about the z-axis, ( )γ t  and ( )γ t  are respectively 
the corresponding rotational velocity and rotational acceleration. In addition, Fxe(t) is real-time 
equivalent of horizontal forces (thrusts) applied on the rotors of the top structure. Fye(t)is real-time 
equivalent of horizontal forces applied on the top structure in the y-direction. Mxe(t)is real-time 
equivalent resultant external moment due to the wind-induced torque applied on the top structure. 
Mye(t)is real-time equivalent moment of pitch forces applied on the top structure, and Mze(t) is 
real-time equivalent moment of yaw forces applied on the top structure. The detailed properties of 
each matrix introduced in equation (34) and the loading vector are described below. 
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 Mass matrix properties 
Respectively,  M  is the mass matrix and it is defined in equation (35).  The lumped mass 
system is considered. Therefore, the mass matrix  M is orthogonal as:  
 
 
 2 2
2
2
3 0 0 0 0
0 3 0 0 0
0 0 2 0 0
0 0 0 0
0 0 0 0 2
O
O
m m
m m
M m l R
mR
ml
 
 
 
 
    
 
 
 
 


       (35) 
Then  
m: The mass of each rotor, 
mO: The substructure mass, 
l: The distance of rotors 1 and 2 to the origin point O, and  
R: The distances of rotor 3 to the origin point O.  
 Stiffness matrix properties 
Similarly,  K  is the stiffness matrix. The values of stiffness matrix components are 
estimated based on the substructure structural type and related required criteria. Note that a MRWT 
system is a combination of rotors configured as the top structure and tower and foundation as the 
support structure. Consequently, in the current study, both dynamic characteristics of top structure 
and tower are involved in the mass, stiffness, and damping matrices in equation (34).  
Consequently, the structural responses of the derived EOMs are so dependent to the stiffness 
matrix and the assumptions to derive its components. In other words, different approaches, such 
as lumped mass modeling and continuous element modeling, are applicable to estimate the 
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stiffness of the wind turbine tower. The current study considers the lumped mass system approach 
for the top structure and the tower. 
Besides the nonlinearity induced by large displacements, there is also geometric 
nonlinearity involved in the current study. In other words, weight of the structure in the presence 
of lateral loads induces some second order/P-delta effects that result in having additional 
overturning moment in the MRWT system. The significance of induced additional moment 
appears as stiffness reduction, and the stiffness matrix of current study defines in equation (36).  
 
     E GK K K                                                                                                                         (36) 
where,  EK is the elastic stiffness matrix of MRWT system estimated by considering both 
translational and rotational components.  Additionally,  GK  is the stiffness reduction according 
to the weight and deformed shape of the MRWT structure under the lateral loads. Note that an 
alternative approach is to consider P-delta effects as an additional lateral load, which is a function 
of height and the displacement of origin point at each time step.  
 Damping matrix properties 
Damping, which is defined as the energy-loss mechanism in structures, may cause 
noticeable coupling between the modes, and has an operative effect on structural responses. The 
classic Rayleigh damping approach along with the angular damping concepts are applied to 
compute damping values of the current study. Equation (37) shows the Rayleigh damping for the 
structural components, 
     0 1C a M a K                                                                                                                  (37) 
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where, constants 0a  and 1a  are calculated based on the dominant natural frequencies of the 
structure. (Clough and Mojtahedi 1976). Furthermore,  a published comprehensive report on multi-
rotor systems by Jamieson Et al. (Jamieson et al. 2015), supports the proposed idea of computing 
the structural damping of MRWT systems by using the linear proportional assembled matrices of 
 M and  K . 
 Nonlinear terms; Detailed matrices 
The new terms in equation (34) are the result of including the possibility of large 
deformations (displacements and rotations) in the response behavior of the structural system. 
Therefore, to address the contribution of large structural deformations, and to get a better 
understanding of the characteristics of the new nonlinear and uncoupled parameters that are 
highlighted in equation (34), the matrix format of EOMs for a MRWT system, by considering 
large deformations, is defined in equation (38).  
                       2 0M C K A B
Classic  dynamic terms New nonlinear terms
t t t t t t     r r r r r F                                              (38) 
Note that the vector  tr  contains both the usual geometric displacements (x, y, z) and 
rotational angles (α, β, γ) and similarly, the vectors  tr  and  tr  contain both translational and 
angular components. Following, the detailed complex nature of the nonlinear matrices involving 
the coupling of displacements and rotations for a 3-rotor building block model are illustrated in 
equations (39) and (40).   
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A reliable approach to investigate the contribution of nonlinearities in MRWT structural 
responses is to perform the sensitivity analyses. There are different methodologies to pursue the 
objectives of structural dynamics sensitivity analyses. Subsequently, chapter 5 covers the 
sensitivity analysis methodologies in current study and the consequent results and outcomes. 
 Loading vector and properties 
Finally, the time-dependent loading vector of equation (34),  tF  , is described below. 
Figure 20 and equations (41) to (44) show the equivalent thrust, torque and moments that are 
applied to the origin point O of the top structure.  
 
 
 
          
Figure 20a: Applied loads on elements of    
the top structure 
Figure 20b: The equivalent applied loads 
on the origin point O 
 
Figure 20: Time-dependent thrust, torques and moments, applied on the MRWT system 
 
 
 
 1 2 3( ) ( ) ( ) ( ) ( ) ( )
e
x x x x x OF t F t F t F t F t F t                            (41) 
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Figure 20a shows the thrust, torques and moments that has been applied on each rotor in 
the top structure, and figure 20b shows the consequent equivalent loads that are applied at the 
origin point O. Therefore,  ( )F t , the time-dependent loading vector in equation (38), is defined 
based on the formulation (45),  
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F             (45) 
Where, 
( )exF t : The thrust at the origin point O,  
1( )xF t  to 3( )xF t : The thrusts applied to the rotors 1 to 3, 
( )oF t : The equivalent horizontal load applied to the substructure, 
 ( )exM t : The torque at the origin point O,  
1( )xM t  to 3( )xM t : The torques applied to the rotors 1 to 3, and 
( )eyM t  and ( )
e
zM t : The resultant moments of applied thrusts, caused the large rotations about 
the y and z-axes, respectively. 
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 It should be mentioned that no applied horizontal wind load is considered in the y-direction 
in the current study. Therefore, ( )eyF t  is zero in equation (45). Obviously, the loading vector  tF
, is not a unique vector, and its component get different values according to the different loading 
cases applied on the triangular building block. In other words, based on the type and direction of 
loads, the resultant forces and moments will get different values. For example, by considering 
equal and symmetric loads as well as geometric symmetry, the resultant value of ( )ezM t  is zero. 
Moreover, in the current research, thrusts and torques applied on the MRWT can be considered as 
various types of determinate time series loading (harmonic, impulse, etc.).  
In order to solve the time-dependent nonlinear EOMs, numerical solutions and iterative 
methods such as Newmark-Beta or Ordinary Differential Equations (ODE) should be applied, 
which are described in chapter 5, comprehensively.  
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3. MATHEMATICAL FORMULATION OF LARGE DISPLACEMENTS-INDUCED 
NONLINEARITIES FOR A 7-ROTOR CONFIGURATION  
 
Analyzing the 3-rotor symmetric triangular model provides basic and fundamental 
equations of motion to investigate the nonlinear-dynamic behavior of more complex MRWTs. In 
other words, the 3-rotor model could be arranged in some patterns to generate the symmetric multi-
rotor systems. For example, a 7-rotor MRWT shown in figure 21, might be illustrated as 6 
triangular building blocks, which are arranged to generate a 7-rotor configuration. In subsequent 
sections, it is shown that the EOMs of the 7-rotor system can also be refined using the same 
geometry and characteristics as the 3-rotor building block. This property provides the 
fundamentals to reduce the complexity of MRWTs structural analysis.  
 
 
 
 
Figure 21: Target 7-rotor MRWT configuration 
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3.1 Approaches to Derive the Position Vectors of Rotors in the 7-Rotor Configuration 
 
Figure 22 illustrates the arrangement of building blocks to generate the symmetric 7-rotor 
configuration. It also shows the relative positions of rotors in the 7-rotor configuration to the origin 
point O.  
 
 
 
 
Figure 22: Positions of rotors in the 7-rotor configuration to the origin point O 
 
 
 
One standard/alternative approach to derive the position vectors of the 7-rotor 
configuration, in the current study, is to consider the Spherical coordinate system shown in figure 
23, at the origin point O. However, it is more efficient to characterize the dynamic behavior of a 
complex MRWT system as a function of Cartesian coordinate system and the 3-rotor building 
block system. 
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Figure 23: The Spherical coordinate system 
 
 
 
Although the Spherical coordinate system concept is an inefficient approach for this study, 
it inspires a novel explanation for the relative position of each rotor as a function of a rotation 
about the y-axis and corresponding distance of the rotor from the origin point O. Therefore, by 
applying an in-plane rotation approach, the position vector of each rotor is derived based on the 
local Cartesian coordinate system with a relative rotation to the origin point O. In other words, this 
approach provides the opportunity to derive position vectors of all rotors as the functions of rotors 
1 to 3 position vectors and in-plane rotations  2 3,ω ω . Figure 24 illustrates the parameters that 
are considered in the approach mentioned.  
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Figure 24: Positions of the symmetric pairs as a function of constant-geometric angle and length 
(in-plane rotation approach) 
 
 
 
The first 3-rotor triangular building block generates the configuration of rotors 1 to 3, 
which possess the derived position vectors in section 2.2. Consequently, m4 and m5 are considered 
as one symmetric pair of rotors. Similarly, m6 and m7 are located as the second symmetric pair of 
rotors. Note that all rotors possess the same physical and dynamic properties. Therefore, symmetric 
pair refers to the rotors that have inverse positions to the z-axis in the 7-rotor configuration. 
Initially, each symmetric pair is considered in line with m1 and m2 in the original building 
block. The symmetric pairs can be rotated as ωi and yield the consequent distance of li from the 
origin point O.  Then, the same position vectors of the non-rotated building block are reformed by 
applying the compatible map function and transformation vector. The position of symmetric rotors 
m4 and m5 to the origin point O, is presented by a rotation about the y-axis as ω2 and distance l2. 
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Similarly, a rotation about the y-axis as ω3 and distance l3, present the position of symmetric rotors 
m6 and m7 to the origin point O.  
Furthermore, the comprehensive and parametric format of the derived formula for the 3-
rotor building block model, along with the in-plane rotation approach mentioned above, provide a 
prototype for the development of a general analytical model of symmetric MRWT systems. For 
instance, the 4-rotor Vesta MRWT (de Vries 2016), studied further in the research, is an existing 
MRWT that can be investigated as a derivative configuration of the 7-rotor system. Figure 25 
illustrates an in-plane rotation approach simulation of the 4-rotor Vestas (de Vries 2016). 
 
 
 
 
Figure 25: Vestas 4-rotor simulated model 
 
 
 
3.2 In-Plane Rotation Approach to Derive the Position Vectors of Symmetric Pairs  
To find the position vectors of rotors in the 7-rotor configuration, and to follow the in-plane 
rotation approach mentioned above, the Cartesian system rotation theory is applied as the basic 
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assumption. As mentioned in section 3.1, it is assumed that every symmetric pair of rotors has 
been repositioned from the initial horizontal position by considering a rotation about the y-axis. 
This rotation causes a change in the local coordinate at the center of mass of each rotor. Therefore, 
to find the new position vector of each rotor in the 7-rotor configuration, a Cartesian rotation matrix 
and a consistent transformation (mapping) function are derived.  It is important to note that the 
connecting links in the top structure are rigid, and the in-plane rotation of each rotor remains 
constant during the calculations. Therefore, the local coordinate rotations will not cause any 
angular velocities or accelerations. Figures 26a to 26d illustrate the fundamental process to deploy 
the rotation matrix and transfer function to find the position vectors of symmetric pairs. 
Figure 26a shows a rotor with the mass of m, which is located at point 1 on the y-axis, at 
distance 1l  from the origin point O. The goal is to transform the mass m from point 1 to the target 
point at distance l2 from the origin point O in the vertical zy plane. This transfer consists first of a 
rotation about the y-axis, and second of a displacement to the target point, along with the rotated 
axis. Therefore, figure 26b shows that the mass m has been rotated counter-clockwise (CCW) as 
θ, and the corresponding rotated local coordinate system is defined as  ' ' ', ,x y z  at point j. Figure 
26c shows that mass m has been transferred to the target point. Moreover, according to the first 
rotation applied, the local coordinate system at the target point is not compatible with the 
coordinate system at the origin point O. Therefore, figure 26d illustrates that an inverse rotation of 
- θ is applied at the target point to adjust the local coordinate system. 
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(a) 
 
(b) 
 
(c) 
 
(d) 
 
Figure 26: Basic steps to derive the position vectors of rotors in the 7-rotor configuration by 
applying the in-plane rotation approach 
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 Mathematical description of in-plane rotation approach  
Figures 26a to 26d are the illustrations of 4 equations that should be combined to a single 
formula. Therefore, to describe the procedure illustrated in figure 26 mathematically, equation (46) 
is incrementally developed.  
The procedure is sign sensitive, and according to the direction of the in-plane rotation, 
clockwise (CW) or CCW, the format of equation (46) is different. Four possibilities of in-plane 
rotations have been investigated, and most efficient one, which is explained subsequently, is 
followed in the current study. 
 Assume, 
 t1r : The time-dependent position vector at point 1,  
 j tr :  The time-dependent position vector at point j,  
 T tr : The rotated time-dependent position vector at the target point  
 final tr : The time-dependent position vector at the target point with the local coordinate system 
compatible with the origin point O,  
 
MR : The rotation matrix,  
1
MR
 : The inverse matrix of the rotation matrix, and 
( )L t : The time-dependent transformation (mapping) matrix. Then, 
   
   
   1
( )
jM
j T
M Tfinal
R t t
L t
t t
t R t



1r r
r r
r r
                                                                                                                      (46) 
The rotation matrix is an orthogonal matrix for any θ, mathematically described 1TM MR R
 . 
From here forward, it is more efficient to deploy TMR , which is the transverse matrix of the rotation 
matrix, and refine equation (46) to equation (47). 
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r r
r r
                                                                                                                    (47) 
To have a better image of the parameters in equation (47), figure 28 is presented. Position 
vectors of points 1, j, and target are illustrated as functions of length (distance, displacements 
resulted from DOFs, transformation function) and rotation (rotation matrix, transverse of rotation 
matrix) in figure 27. 
 
 
 
 
Figure 27: Position vectors of in-plane rotation approach in function format 
 
 
 
 
Point 1 is the initial position of mass m, which has been derived previously as the position 
vector of rotor 2 in section 2.2.  The position vector of rotor 2 discussed previously, is a nonlinear 
combination of distance from the origin point O with the translational and rotational DOFs. Point 
j is the second position of mass m once the in-plane rotation is induced. θ is the CCW in-plane 
rotation. Thus, the position vector of point j is a function of the position vector of point 1 that has 
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been refined by the rotation matrix of θ. L is the transformation function from point j to the target 
point.  It will be shown in the subsequent section that L is a vector of distance and DOFs. Therefore, 
the position vector at the target point is a function of the position vector at point j that has been 
extended by the transformation vector. - θ is the CW in-plane rotation that is induced to calculate 
the compatible final position vector. Therefore, the final position vector is a function of the position 
vector at the target point that has been refined by the transverse of the rotation matrix. Each part 
of equation (47) is explained below.  
 Rotation matrix, RM 
According to the linear algebra, the rotation of the Cartesian system about one of its axes 
is defined as a basic rotation. The corresponding rotation matrix MR , which is applied to perform 
the rotation of the system, is a 3D matrix (Arfken and Weber 1999). Moreover, according to the 
direction of the in-plane rotation (CW or CCW) different rotation matrices are derived. Basic 
Cartesian rotations about the y-axis are shown in figure 28. 
 
 
 
 
Figure 28: The basic Cartesian rotations about the y-axis 
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Figure 28a shows the CW rotation ( )θ  of a Cartesian coordinate about the y-axis, and 
the 3D rotation matrix of the system is defined in equation (48).  
1 0 0
0 cos sin
0 sin cos
MCW R θ θ
θ θ
 
 
 
  
                                                                                                          (48) 
Therefore, the transverse of the CW rotation matrix is defined in equation (49). 
 
1 0 0
0 cos sin
0 sin cos
T
MCW R θ θ
θ θ
 
  
 
  
  (49) 
Similarly, Figure 28b shows the CCW rotation ( )ω  of a Cartesian coordinate about the y-
axis, and the 3D rotation matrix of the system is defined as equation (50). The transverse of the 
CCW rotation matrix is defined in equation (51). 
1 0 0
0 cos sin
0 sin   cos
MCCW R ω ω
ω ω
 
  
 
  
                            (50) 
 
1 0 0
0 cos sin
0 sin cos
T
MCCW R ω ω
ω ω
 
 
 
  
                                                                                           (51) 
Figure 29 shows the y-axis in-plane rotations in the 7-rotor configuration, in both CW and CCW 
directions. It is evident that the y-axis is the initial coordinate system and the 'y -axis as the final 
coordinate system of each rotor. The angles between these axes are defined as the in-plane 
rotations. For instance,  2,3,iθ i = 1, 4 are the subsequent rotation angles of the CW rotations, and 
 iω i= 1,2,3,4 are the corresponding degrees of the CCW rotations. However, based on the 
explementary angle concept, which relates CW rotations to the CCW rotations in equation (52), 
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there is no difference between considering either 
iω  or iθ  in the calculations, as long as the 
geometric/trigonometric and sign-convention criteria are met.  
   
   
(2 )
sin sin (2 ) sin
cos cos (2 ) cos
i i
i i i
i i i
θ π ω
θ π ω ω
θ π ω ω
 
   
  
                                                                                                       (52) 
Therefore, to keep the consistency of subsequent calculations, the clockwise direction is 
applied to all in-plane rotations, and equations (48) and (49) are used. 
 
 
 
 
Figure 29: CW and CCW in-plane rotations of rotors in the 7-rotor system 
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 Time-dependent transformation vector (mapping function), L(t) 
  The 3-rotor building block is the template to derive the transformation vector in equation 
(47). All position vectors and in-plane rotations of the 3-rotor system were derived earlier. When 
the 3-rotor system is investigated as the in-plane rotated system, the only unknown parameter in 
equation (47) is the transformation vector ( )L t . Therefore, the consistent transformation vector
( )L t , can be derived by reversing the approach of equation (47), and apply it to the 3-rotor system. 
As mentioned earlier, the CW rotation is selected to be applied in the current study. Consequently, 
the CW in-plane rotations of rotors 1 to 3 (180˚, 360˚ and 270˚, respectively) are shown in figure 
30.   
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(a) In-plane rotation of rotor 1 
θ = 180˚ CW 
 
(b) In-plane rotation of rotor 2 
θ = 360˚ CW 
 
(c)  In-plane rotation of rotor 3 
θ = 270˚ CW 
 
Figure 30: The CW in-plane rotations of rotors in the 3-rotor building block 
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       Derivation of L(t): Reverse the in-plane rotation method, apply to rotor 2 
All position vectors of rotors 1 to 3 are qualified to be deployed as the generating 
formulation. However, rotor 2 is located in the positive plane of the 3D coordinate system, and 
its position vector provides a convenient template to find the transformation vector ( )L t . Figure 
31 describes the state of rotor 2 based on the definitions in figure 26 and equation (47).  
 
 
 
 
Figure 31: Position vectors of rotor 2 by applying the 360˚ CW in-plane rotation 
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By applying the 360˚ in-plane CW rotation, the position of rotor 2 in figure 31, is 
considered at both point j and the target point. Point 1 (as defined in figure 26) is also considered 
at the origin point O. Therefore,  t1r  is the same as the position vector at the origin point O.   
As previously discussed in section 2.2, the position vector at the origin point O is the DOFs 
vector. Therefore, the position vector at point 1 is defined in equation (53).  
   
( )
( )
0
( )
( )
( )
origin point o
u t
v t
t t
α t
β t
γ t
 
 
 
  
 
 
 
 
  
 1r r                                                                                                    (53) 
Moreover, the position vector of rotor 2 has been shown in equation (7) in section 2.2. The 
target point is located at the position of rotor 2, and the final position vector  2 final tr , is defined 
in equation (54).    
   
1
1 1
1
22
( ) sin ( )
( ) cos ( ) cos ( )
sin ( )
( )
( )
( )
final
u t l γ t
v t l α t l γ t
l α t
t t
α t
β t
γ t
 
 
 
  
 
 
 
 
  

 
 r r                                                                         (54) 
Based on equation (47), the position vector at point j, is defined as    
22 Mj
t R t 1r r . As 
figure 31b shows, the in-plane CW rotation of rotor 2 is 360˚. Therefore, by applying - 360˚ in 
equations (48) and (49), matrices 
2M
R  and 
2M
TR at point 2, are defined in equation (55).  
2 2
1 0 0
0 1 0
0 0 1
T
M MR R
 
 
 
  
                                                                                                                  (55) 
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Then, the position vector at point j is defined in equation (56). 
   
22
1 0 0 ( ) ( )
0 1 0 0 ( ) ( )
0 0 1 0 0
( ) ( )1 0 0
( ) ( )0 0 1 0
( ) ( )0 0 1
Mj
u t u t
v t v t
t R t
α t α t
β t β t
γ t γ t
     
     
     
        
     
     
     
     
         
  1r r                                                        (56) 
Similarly, based on equation (47), the final position vector at the target point is defined as 
   
2 22
T
M Tfinal t R tr r . As the final position vector,  2 final tr , is defined in equation (54), the rotated 
position vector at the target point,  
2T
tr , can be easily derived. Therefore, by applying equations 
(54) and (55),  
2T
tr is defined in equation (57).  
      
2 2
1
1 1
1
2
( ) sin ( )
( ) cos ( ) cos ( )
sin ( )
( )
( )
( )
T M final
u t l γ t
v t l α t l γ t
l α t
t R t
α t
β t
γ t
 
 
 
  
 
 
 
 
  

 
 r r                                                       (57) 
Finally, based on equation (47), transformation vector ( )L t  transforms  
2j
tr  to  
2T
tr . 
Therefore, to derive ( )L t  equations (56) and (57) are compared to each other. As a result, the 
transformation vector of rotor 2 is defined in equation (58).  
1
1 1
1
2
( ) sin ( )
( ) cos ( ) cos ( )
sin ( )
( )
( )
( )
( )
of rotor
u t l γ t
v t l α t l γ t
l α t
L t
α t
β t
γ t
 
 
 
  
 
 
 
 
  

 
                                                                               (58) 
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It should be noted that the rotational DOFs of the system, are not part of the position 
vectors. Position vectors are defined as the combination of translational displacements in the 
format of   ˆ ˆ ˆ( ) ( ) ( )t u t v t w t  r i j k . However, to determine the transformed rotational DOFs and 
their coupled effects on the nonlinearity of translational DOFs, the rotational DOFs are included 
in the equations above. 
Transformation vector is a consistent vector. Therefore, the final transformation vector 
from the origin point O to the position of all rotors in the 7-rotor system is defined in equation 
(59).  
( ) sin ( )
( ) cos ( ) cos ( )
sin ( )
( )
( )
( )
( )
ji i ji
ji i ji i ji
i ji
ji
ji
ji
u t l γ t
v t l α t l γ t
l α t
L t
α t
β t
γ t
 
  
 
  
  
 
 
 
  
                                                                                       (59) 
where,  
i: The index of rotor  1,2, ,7i   ,  
( )jiu t : Time-dependent displacement in the x-direction at point j for rotor i, 
( )jiv t : Time-dependent displacement in the y-direction at point j for rotor i, 
( )jiα t : Time-dependent rotation about the x-axis at point j for rotor i, 
( )jiβ t : Time-dependent rotation about the y-axis at point j for rotor i, 
( )jiγ t : Time-dependent rotation about the z-axis at point j for rotor i, and 
il : Distance of rotor i to the origin point O. 
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To investigate the accuracy of derived ( )L t  and its dependability, position vectors of rotors 
1 and 3 are derived by following the in-plane rotation approach mentioned in equation (47), and 
applying the transformation vector derived in equation (59). 
 Determine the position vector of rotor 1; apply the in-plane rotation approach  
 Figure 32 describes the state of rotor 1 based on the definitions in figure 26 and equation 
(47). As figures 30a and 32 show, the in-plane CW rotation of rotor 1 is 180˚. Therefore, by 
applying -180˚ in equations (48) and (49), matrices 
1M
R  and 
1M
TR at point 1, are defined in equation 
(60). 
 
 
 
 
 
Figure 32: Position vectors of rotor 1 by applying the 180˚ CW in-plane rotation 
 
 73 
 
1 1
1 0 0
0 1 0
0 0 1
T
M MR R
 
 
 
  
  

                                                                                                            
(60) 
Point 1 (as defined in figure 26) is considered at the origin point O. Therefore,  1r t  is the 
same as equation (53).  Based on equation (47), the position vector at point j, is defined as
   
1 1 1j M
t R tr r . Therefore, by applying equations (53) and (60), the position vector at point j is 
defined in equation (61). 
   
1 1 1
1 0 0 ( ) ( )
0 1 0 0 ( ) ( )
0 0 1 0 0
( ) ( )1 0 0
( ) ( )0 0 1 0
( ) ( )0 0 1
j M
u t u t
v t v t
t R t
α t α t
β t β t
γ t γ t
     
     
     
        
     
     
     
     
         
 

  


r r                                                   (61) 
 Afterward, based on equation (47), the transformation vector, equation (59), is applied to 
equation (61) to derive the rotated target position vector of rotor 1.  
1T
tr shows the rotated target 
position vector of rotor 1, and it is defined in equation (62).    
 
1
1 1
1 1 1 1
1 1
( ) sin( ( )) ( ) sin ( )
( ) cos ( ) cos( ( )) ( ) cos ( ) cos ( )
sin ( ) sin ( )
( ) ( )
( ) ( )
( ) ( )
T
u t l γ t u t l γ t
v t l α t l γ t v t l α t l γ t
l α t l α t
t
α t α t
β t β t
γ t γ t
   
   
   
      
   
   
   
   
      
  
      
 
 
 
r                                  (62) 
The final compatible position vector of rotor 1 is defined by equation (63).  
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   
1 1
1
1 1
1
1
( ) sin ( )
( ) cos ( ) cos ( )
sin ( )
( )
( )
( )
T
M Tfinal
u t l γ t
v t l α t l γ t
l α t
t R t
α t
β t
γ t
 
 
 
  
 
 
 
 
  

 

 r r                                     (63) 
As previously derived, equation (4) is the position vector of rotor 1. Equation (4) is derived 
based on the large deformation and established physics theories in section 2.2. On the other hand, 
equation (63) is the position vector of rotor 1 that is derived based on the in-plane rotation approach 
and transformation vector ( )L t . Parametric comparison shows that equations (4) and (63) are equal. 
This result supports the proposed approach to derive the position vectors in the current study. 
 Determine the position vector of rotor 3: apply the in-plane rotation approach  
 Figure 33 describes the state of rotor 3 based on the definitions in figure 26 and equation 
(47).  
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Figure 33: Position vectors of rotor 3 by applying the 270˚ CW in-plane rotation 
 
 
 
 As figures 30c and 33 show, the in-plane CW rotation of rotor 3 is 270˚. Therefore, by 
applying - 270˚ in equations (48) and (49), matrices 
3M
R  and 
3
T
MR at point 3, are defined in 
equations (64) and (65), respectively.                                       
3
1 0 0
0 0 1
0 1 0
MR
 
 
 
  


                                                                                                                        (64) 
3
1 0 0
0 0 1
0 1 0
T
MR
 
 
 
  
                                                                                                                          (65) 
Point 1 (as defined in figure 26) is considered at the origin point O. Therefore,  1 tr  is the 
same in equation (53).  Based on equation (47), the position vector at point j, is defined as
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   
3 3 1j M
t R tr r . So, by applying equations (53) and (64), the position vector at point j is defined 
in equation (66).  
   
3 3 1
1 0 0 ( ) ( )
0 0 1 0 ( ) 0
0 1 0 0 ( )
( ) ( )1 0 0
( ) ( )0 0 0 1
( ) ( )0 1 0
j M
u t u t
v t
v t
t R t
α t α t
β t γ t
γ t β t
     
     
     
        
     
     
     
     
         
 
  

r r                                                        (66) 
   
Afterward, based on equation (47), the transformation vector, equation (59), is applied to 
equation (66) to derive the rotated target position vector of rotor 3.  
3T
tr shows the rotated target 
position vector of rotor 3, and it is defined in equation (67).    
 
3
( ) sin( ( )) ( ) sin ( )
cos ( ) cos( ( )) cos ( ) cos ( )
( ) sin ( ) ( ) sin ( )
( ) ( )
( ) ( )
( ) ( )
T
u t R β t u t R β t
R α t R β t R α t R β t
v t R α t v t R α t
α t α t
γ t γ t
β t β t
     
     
   
      
    
   
   
   
    
r t                                                 (67) 
 
The final compatible position vector of rotor 3 is defined in equation (68).  
   
3 33
( ) sin ( )
( ) sin ( )
cos ( ) cos ( )
( )
( )
( )
T
M Tfinal
u t R β t
v t R α t
R α t R β t
t R t
α t
β t
γ t
 
 
 
  
 
 
 
 
  



 r r        (68) 
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As previously derived, equation (10) is the position vector of rotor 3. Equation (10) is 
derived based on the large deformation and established physics theories in section 2.2. On the 
other hand, equation (68) is the position vector of rotor 3 that is derived based on the in-plane 
rotation approach and transformation vector, ( )L t . Parametric comparison shows that equations 
(10) and (68) are equal. This outcome also supports the proposed approach to derive the position 
vectors in the current study. 
3.3 General Formulation of Position Vectors in the 7-rotor Configuration as Functions 
of Geometric In-Plane Rotations 
The in-plane rotation approach mentioned in section 3.2, is an efficient method to derive 
the position vectors and subsequent EOMs of a MRWT system, e.g. the 7-rotor configuration. It 
provides the template to derive the EOMs of the MRWT system, as functions of the 3-rotor 
building block (includes the system DOFs effects), and the geometric parameters of the system 
(in-plane rotation of rotors, lengths). Figure 34 illustrates the 7-rotor configuration to apply the in-
plane rotation approach, and derive the general formulation of position vectors.  
Each rotor is a rotated system. Based on discussion in section 3.2, the position vector of 
rotated rotor i is a function of the in-plane rotation 
iθ , and the distance of rotor i  from the origin 
point, li.  i is the index of rotor in the 7-rotor system. iθ  varies in the range of 180˚ to 360˚ CW for 
7 rotors. Afterward, by considering symmetry, there could be 3 different values for li. 
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Figure 34: The simulated 7-rotor configuration to apply the in-plane rotation approach 
 
 
 
To follow the procedure explained in equation (47), the rotation and its inverse matrices, 
as functions of in-plane rotation for each individual rotor, are first derived. Therefore, equation 
(69) defines the CW rotation matrix, and the inverse matrix, respectively.  
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 
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                                                                           (69) 
                                
Equation (70) shows the position vector at the origin point O, with the initial conditions 
that are equivalent to the DOFs.  
 ˆ ( ) ( ) ( ) ( ) ( ) ( ) ( )
T
Or t u t v t w t α t β t γ t                                                               (70) 
Note that, ( )ω t  as translational displacement in the z direction has been considered as zero 
for the 3-rotor building block. However, for the general formulations, this DOF is applied 
parametrically to derive comprehensive equations with every potential DOF. The next required 
vector is the position vector at point j.  
Therefore, equation (71) explains the jth position vector of each rotor. Index ji stands for 
the position vector of rotor i at its corresponding point j. 
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The transformation vector ( )L t  in equation (59), is applied to the rotated position vectors 
in equation (71), to transform the jth position vectors to the corresponding target points, 
   
( )
iji T
L t
t tr r . The outcome is the position vectors of target points, which are defined in 
equation (72).  
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r
                          (72) 
Finally, the inverse of the rotation matrix, equation (69), is applied to the position vectors 
of the target points, equation (72), and the final position vectors of rotors that are compatible with 
the origin point coordinate system are derived. Equation (73),  i final tr , shows the final position 
vectors of rotors in the 7-rotor configuration. 
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However, equation (73) is simplified by applying some trigonometric concepts shown in 
equations (74) and (75).  
         cos cos cos sin sina b a b a b                                                                      (74) 
         sin sin cos cos sina b a b a b                                                                       (75) 
Subsequently, the parametric time-dependent position vector of rotors in the 7-rotor 
configuration, by considering vertical position of rotors and in-plane rotation concept is defined in 
equation (76).  
 
    
  
 
ˆ( ) sin ( )sin ( )cos sin ( )
ˆ          ( ) cos ( ) sin ( ) cos ( )sin ( )cos
ˆ          ( ) sin ( ) cos ( ) cos ( )
i i iHi Vi
i iHi Vi Hi
Hi Vi Vi
t u t l β t θ γ t θ l β t
v t l α t l α t l β t θ γ t θ
w t l α t l α t l β t
i 1,2, ,7
     
     
  

r i
j
k       (76) 
where,  
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sinVi i il l θ , and   
cosHi i il l θ . 
The Final and simplified position vector of each rotor based on the rotational dependencies 
and geometric dimensions of corresponding rotor is defined in equation (77).  
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As previously discussed, 
iθ  is constant, and 0i iθ θ  . Therefore, the parametric time-
dependent velocity, and acceleration vectors of rotors in the 7-rotor configuration, are defined in 
equations (78) and (79), respectively. 
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  (79) 
3.4 Equations of Motion of the 7-Rotor Configuration 
As previously discussed in section 2.3, the equations of motion are derived based on 
D’Alembert’s principle of dynamic equations,    ( ) 0i i
i
t m t  iF r .  In the current research, 
 tir  is the acceleration vector of the thi  rotor that has been derived based on the in-plane 
rotation approach, and it has been defined in equation (79).  
The 7-rotor MRWT is a symmetric configuration with 3 symmetric pairs. Therefore, 
trigonometric and geometric theories can refine the equations. Figure 35 shows the in-plane 
rotations and angles for a symmetric pair  ,
i iL R
m m  in the 7-rotor configuration. 
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Figure 35: Illustration of the in-plane rotations and angles for a symmetric pair 
 
 
 
  Symmetric pair refers to the rotors that have inverse positions to the z-axis in the 7-rotor 
configuration. Therefore, mRi is the rotor on the right hand side of the z-axis, and mLi is the rotor 
on the left hand side of the z-axis. 
iR
θ  and 
iL
θ  are the CW in-plane rotations, respectively. 
Subsequently, 
iR
ω  and 
iL
ω  are the CCW rotations. Equation (80) defines the dependency between 
the in-plane rotations.  
 
2
3 1,2,3
2
i i
i i
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  
   
  
  
                                                                           (80) 
Equation (81) also shows the trigonometric relationships of the in-plane rotations.  
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                                                                            (81) 
To simplify the position vectors formulations, equations (80) and (81) are applied to the 
equations (77) to (79), regarding each symmetric pair. In addition, the subsequent EOMs for the 
7-rotor configuration will be more expedient. In other words, by following the definition in 
equation (80), EOMs are a function of lengths and the in-plane rotation of one of the rotors in each 
symmetric pair. Considering the framework mentioned above, and the trigonometric equations 
(80) and (81), 5 EOMs of the 7-rotor configuration are derived by applying the D’Alembert’s 
principle of dynamic equations, symmetry assumption of equivalent lengths, 
i iL R
l l , 
subsequently. 
 First equilibrium Equation of Motion, ( ) 0XF t   
Figure 36 illustrates the deformed system under the real-time translational displacement in 
the x-direction, u(t). The first EOM of the 7-rotor configuration is defined in equation (82).  
1 1 2 2 3 3 4 4 5 5 6 6 7 7
( ( ) ( ) ( ) ( )) 0 
     ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) 0
x i xi x x
e
x O x x
x x x x x x x
F t m a t c u t k u t
F t m u t c u t k u t
m a t m a t m a t m a t m a t m a t m a t
   
   
      

                                 (82) 
Then,  
1
m   to 7m : The mass of rotors 1 to 7, 
O
m : The substructure mass,  
xc : The structural damping of the tower in the x-direction, 
xk : The translational stiffness of the tower in the x-direction, 
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( )exF t  : The real-time equivalent of thrusts applied on the rotors of the top structure,  
1( )xa t   to 7 ( )xa t : The time-dependent accelerations of rotors 1 to 7 in the x-direction, which are 
defined based on the component i  in equation (79), and  
( )u t  and  ( )u t : The real-time velocity and acceleration of the origin point O according to the 
displacement ( )u t  in the x-direction.  
 
 
 
 
Figure 36: Deformation of the top structure in the x-direction, equivalent resultant external thrust 
force, inertia, and reaction forces 
  
 
 
 The values of the parameters described above are applied, and equation (83) defines the 
first EOM of the 7-rotor system.  
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Where, 
i
m : The mass of each rotor in the ith symmetric pair,  
O
m : The substructure mass, 
center
m : The mass of rotor 3, 
i
l : The distance of each rotor of the ith symmetric pair to the origin point O,  
R: Distance of rotor 3 to the origin point O, 
( )β t : The rotation of the top structure about the y-axis, and 
( )β t and ( )β t : The corresponding rotational velocity and rotational acceleration.  
( )u t and ( )u t : The real-time velocity and acceleration of the origin point O according to the 
displacement ( )u t  in the x-direction.  
 Second equilibrium Equation of Motion, ( ) 0yF t   
Figure 37 illustrates the deformed system under the real-time translational displacement in 
the y-direction, ( )v t . Equation (84), also defines the second EOM of the 7-rotor configuration. 
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            (84) 
Then,  
1
m   to 7m : The mass of rotors 1 to 7, 
O
m : The substructure mass,  
yc : The structural damping of the tower in the y-direction, 
yk : The translational stiffness of the tower in the y-direction, 
( )eyF t  : The real-time equivalent of horizontal forces applied on the top structure, 
1( )ya t  to 7 ( )ya t : The time-dependent accelerations of rotors 1 to 7 in the y-direction, which are 
defined based on the component j  in equation (79), and  
( )v t  and ( )v t : The real-time velocity and acceleration of the origin point O according to the 
displacement ( )v t  in the y-direction.  
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Figure 37: Deformation of the top structure in the y-direction, equivalent resultant external thrust 
force, inertia, and reaction forces 
 
 
 
The values of the parameters described, are applied, and equation (85) defines the second EOM of 
the 7-rotor system. 
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Where, 
1
m : The mass of each rotor in the ith symmetric pair,  
O
m : The substructure mass, 
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center
m : The mass of rotor 3, 
i
l : The distance of each rotor of the ith symmetric pair to the origin point O,  
R: Distance of rotor 3 to the origin point O, 
( )α t : The rotation of the top structure about the x-axis, and  
( )α t  and ( )α t : The corresponding rotational velocity and rotational acceleration.  
 ( )v t  and ( )v t : The real-time velocity and acceleration of the origin point O according to the 
displacement ( )v t  in the y-direction.  
 Third  equilibrium Equation of Motion, ( ) 0xM t   
Figure 38 shows that rotation of the top structure about the x-axis, α(t) , is in the same plane 
with the in-plane rotations considered for each symmetric pair. Therefore, applying different 
degrees for the roll rotation, α(t), will prompt some additional geometric concerns. In other words, 
while links in the top structure are rigid, the rotation of the top structure will not change their 
lengths. However, rotated position of some rotors, e.g. rotor 7, to the z-axis, is dependent on the 
different ranges of rotation α(t).  
Subsequently, the corresponding vertical and horizontal distances of those rotors from the 
origin point O will change. However, there are also stability criteria involved to limit the rotation 
of the top structure to prevent collapse. Therefore, ( ) 10α t   is deployed as the stability rotation 
criteria of the top structure. Moreover, it will be shown that pitch (rotation about the y-axis) is a 
more critical DOF than α(t)  while considering large rotations.   
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(a) Rotation about the x-axis,  
( ) 10α t  , rotor 7 located at the 
positive zy plane 
(b) Rotation about the x-axis, 
( ) 10α t  , rotor 7 located on the 
z-axis 
 
(c) Rotation about the x-axis, ( ) 20α t  , rotor 7 located at the negative zy plane 
Figure 38: Deformed shapes of the 7-rotor system based on different ranges of α(t) 
 
 
 
Figure 39 illustrates the deformed system under the real-time rotation about the x-axis, α(t), 
and shows the geometric relationships in the top structure, after rotating about the x-axis. 
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Figure 39: Geometric definition of lengths in rotation of top structure about the x-axis 
 
 
 
Figure 40 also shows the equivalent system of internal (inertia forces) and external forces 
(roll forces due to the wind-induced torque on the turbines). Subsequently, equation (86), defines 
the third EOM of the 7-rotor configuration by considering figures 39 and 40.   
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Figure 40: Equivalent roll forces due to wind-induced torque on the turbines, and inertia forces 
due to the rotation of top structure about the x-axis 
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                                                                                  (86) 
Where,  
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1
m   to 7m : The mass of rotors 1 to 7, 
O
I : The moment of inertia of the substructure, 
xθ
c : The rotational damping of the substructure due to the rotation about the x-axis,  
xθ
k  : The rotational stiffness of the tower in the x-direction, 
( )exM t : The real-time equivalent resultant external moment due to the wind-induced torque 
applied on the top structure,  
1( )ya t to 7 ( )ya t : The time-dependent accelerations of rotors 1 to 7 in the y-direction, which are 
defined based on the component j  in equation (79),  
( )α t  and ( )α t : The real-time rotational velocity and acceleration of the origin point O according 
to the rotation of the origin point O about the x-axis,  
1yd   to 7yd : The relative distance of rotors 1 to 7 in the y-direction to the point O,  
1( )za t  to 7 ( )za t : The time-dependent accelerations of rotors 1 to 7 in the z-direction, which 
are defined based on the component k  in equation (79), and  
1zd  to 7zd : The relative distances of rotors 1 to 7 in the z-direction to the point O.  
The distances mentioned are calculated by geometric relationships in figure 39.  Moreover, 
the structural system point of rotation is at the origin point O. Therefore, the inertia torque resultant 
of the substructure, ( )
O
I α t , is omitted. Finally, equation (87) defines the third EOM of the 7-rotor 
system, 
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then,  
1
m : The mass of each rotor in the ith symmetric pair,  
center
m : The mass of rotor 3, 
i
l : The distance of each rotor of the ith symmetric pair to the origin point O,  
R: Distance of rotor 3 to the origin point O, 
( )β t : The rotation of the top structure about the y-axis, and  
( )β t  and ( )β t : The corresponding rotational velocity and rotational acceleration.  
( )α t : The rotation of the top structure about the x-axis, 
( )α t  and ( )α t : The corresponding rotational velocity and rotational acceleration,  
( )γ t : The rotation of the top structure about the z-axis,  
( )γ t  and ( )γ t : The corresponding rotational velocity and rotational acceleration,  
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( )v t : The real-time acceleration of the origin point O according to the displacement as ( )v t  in 
the y-direction, and   
( )w t : The potential real-time acceleration of the origin point O according to the potential 
displacement as ( )w t  in the z-direction.  
 Forth  equilibrium Equation of Motion, ( ) 0yM t   
Figure 41 illustrates the deformed system under the real-time rotation about the y-axis, 
( )β t . The forth EOM of the 7-rotor configuration is defined in equation (88), 
 
3 3 3 3 3 3
4 4 4 4 4 4
5 5 5 5 5 5
6 6 6 6 6 6
7 7 7 7 7 7
( ) ( ) ( ) ( ) 0 
     ( ) ( ) ( ) ( ) 
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( ) 0
y y
y y
y i i i θ θ
e
y O θ θ
x x z z
x x z z
x x z z
x x z z
x x z z
M t m a t d c β t k β t
M t I β t c β t k β t
m a t d m a t d
m a t d m a t d
m a t d m a t d
m a t d m a t d
m a t d m a t d
   
   
 
 
 
 
 

                                                                                   (88) 
Where,  
1
m   to 7m : The mass of rotors 1 to 7, 
O
I : The moment of inertia of the substructure, 
yθ
c : The rotational damping of the substructure due to the rotation about the y-axis,  
yθ
k  : The rotational stiffness of the tower in the y-direction, 
( )eyM t : The real-time equivalent moment of pitch forces applied on the top structure, 
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 3( )xa t to 7 ( )xa t : The time-dependent accelerations of rotors 3 to 7 in the x-direction, which 
are defined based on the component i  in equation (79),  
( )β t : The rotation of the origin point O about the y- axis, 
( )β t  and ( )β t : The corresponding real-time rotational velocity and acceleration of the origin 
point O,  
3xd   to 7xd : The relative distance of rotors 3 to 7 in the x-direction to the point O,  
3( )za t  to 7 ( )za t : The time-dependent accelerations of rotors 3 to 7 in the z-direction, which 
are defined based on the component k  in equation (79), and  
3zd  to 7zd : The relative distances of rotors 3 to 7 in the z-direction to the point O.  
 
 
 
 
Figure 41: Rotation of top structure about the y-axis, equivalent pitch forces, inertia, and reaction 
forces 
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The distances mentioned are calculated by geometric relationships in figure 41.  Moreover, 
the structural system point of rotation is at the origin point O. Therefore, the inertia torque resultant 
of the substructure, ( )OI β t , is omitted. Finally, equation (89) defines the forth EOM of the 7-
rotor system, 
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                                                   (89) 
 
then,  
1
m : The mass of each rotor in the ith symmetric pair,  
center
m : The mass of rotor 3, 
i
l : The distance of each rotor of the ith symmetric pair to the origin point O,  
R: Distance of rotor 3 to the origin point O, 
( )β t : The rotation of the top structure about the y-axis,  
( )β t  and ( )β t : The corresponding rotational velocity and rotational acceleration.  
( )α t : The rotation of the top structure about the x-axis, 
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( )α t  and ( )α t : The corresponding rotational velocity and rotational acceleration,  
( )u t : The real-time acceleration of the origin point O according to the displacement as ( )u t  in 
the x-direction, and   
( )w t : The potential real-time acceleration of the origin point O according to the potential 
displacement as ( )w t  in the z-direction.  
 Fifth equilibrium Equation of Motion, ( ) 0zM t   
Figure 42 illustrates the deformed system under the real-time rotation about the z-axis, γ(t), 
and shows the geometric relationships in the top structure, after rotating about the z-axis. 
 
 
  
 
Figure 42: Geometric lengths definition in rotation of top structure about the z-axis 
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Figure 43 also shows rotation of top structure about the z-axis, equivalent yaw forces, 
inertia, and reaction forces. It should be noted that figure 43 shows the positions of rotated rotors 
about the z-axis that are imaged in the xy plane. In other words, figure 43 is a 2-dimensional plan 
of all rotors in the xy plane and the height-differences are shown in figure 42 (plane zy). 
 
 
 
 
Figure 43: γ(t) rotation of top structure, yaw forces, inertia, and reaction forces 
 
 
 
The fifth EOM of the 7-rotor configuration is defined by equation (90), 
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                                                                                    (90) 
Where,  
1
m   to 7m :  The mass of rotors 1 to 7, (excluding rotor 3), 
O
I : The moment of inertia of the substructure, 
zθ
c : The rotational damping of the substructure due to the rotation about the z-axis,  
zθ
k  : The rotational stiffness of the tower in the z-direction, 
( )ezM t : The real-time equivalent moment of yaw forces applied on the top structure,  
1( )xa t to 7 ( )xa t : The time-dependent accelerations of rotors 1 to 7 (excluding rotor 3)  in the 
x-direction, which are defined based on the component i  in equation (79),  
1( )ya t  to 7 ( )ya t : The time-dependent accelerations of rotors 1 to 7 in the y-direction, which 
are defined based on the component j  in equation (79),  
γ(t): The rotation of the origin point O about the z- axis, 
( )γ t  and ( )γ t : The corresponding real-time rotational velocity and acceleration of the origin 
point O,  
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1xd   to 7xd : The relative distance of rotors 1 to 7 (excluding rotor 3) in the x-direction to the 
point O, and 
1yd  to 7yd : The relative distances of rotors 1 to 7 in the y-direction to the point O.  
The distances mentioned is described by geometric relationships in figure 42. As 
mentioned earlier, the structural system point of rotation is considered to be at the origin point O. 
Therefore, the resultant inertia moment of the substructur, ( )OI γ t , is omitted.  Equation (91) 
defines the fifth EOM of the 7-rotor system, with the parameters described below, 
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                               (91) 
 
then,  
1
m : The mass of each rotor in the ith symmetric pair,  
il : The distance of each rotor of the i
th symmetric pair to the origin point O,  
( )γ t : The rotation of the top structure about the z-axis,  
( )γ t : The corresponding rotational acceleration.  
( )α t : The rotation of the top structure about the x-axis, and 
( )α t  and ( )α t : The corresponding rotational velocity and rotational acceleration. 
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3.5 Matrix Arrangement of EOMs of the 7-Rotor Configuration 
As previously described in section 2.4, the matrix arrangement of EOMs for a nonlinear 
MDOF system, is defined in equation (34). Equation (34) shows that considering large deformation 
in the dynamic behavior of MRWT, adds new nonlinear terms to the classic form of equations of 
motion. Similarly, equation (92) shows the matrix arrangement of 5 derived EOMs for the 7-rotor 
system.  
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                 (92) 
 
 7M  is the linear mass matrix;  7K  is the stiffness matrix, and  7C  is the damping matrix.  7A  
and  7B  are the matrices that contained nonlinear coupled terms. Index 7 in equation (92) shows 
the dependency of matrices and vectors to the 7-rotor configuration. It seems that nonlinear 
matrices in the 7-rotor configuration,  7A  and  7B  are different from the nonlinear matrices in 
the 3-rotor system,  A  and  B . However, more investigation proves that equation (92) is the 
general form of equation (34).  When the in-plane rotation of rotors 1 and 2, 1 360θ   CW, is 
applied to equation (92), it results in the same formulation as equation (34). As equation (92) is 
parametrically defined based on the in-plane rotations and geometric lengths, it can be applied to 
all MRWT systems, including the 3-rotor building block. Details of each matrix in equation (92) 
are described below. 
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 Mass matrix properties 
The linear mass matrix known as  7M , is a diagonal matrix and the diagonal elements are 
shown in equation (93). As it is anticipated, linear mass matrix of 7-rotor configuration is the 
general formulation of the building block mass matrix with the contribution of all 7 rotors and 
DOFs.  
  
3
1
3
11
1
22 3
2 2 2 2
33
1
44 3
2 2 2
55 7
1
3
2 2
1
2
2
2 cos sin
2 sin
2 cos
O center i
i
O center i
i
i i i i center
i
i i i center
i
i i i
i
m m m
m m mM
M
M m l θ θ m R
M
M m l θ m R
m l θ





  
   
  
  
     
   
      
      
   
   
      
 
















                     (93) 
1
m is the mass of each rotor in every symmetric pair; Om is the substructure mass;  centerm is the 
mass of rotor 3; il is the in-plane distance of rotors 1 to 7 to the origin point O, and R is  the rotor 
3 distance to the origin point O.  
 
 Stiffness and Damping matrices properties 
 7K is the stiffness matrix, and it is considered the same as equation (36).  7C  damping matrix of 
the 7-rotor configuration. The classic Rayleigh damping approach, equation (37), along with the 
torsional damping concepts are applied to compute damping matrix components. 
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 Nonlinear terms; Detailed matrices 
The nonlinearities in equation (92) are the result of including the large deformations in the 
response behavior of the structural system. Therefore, to address the contribution of large structural 
deformations, the matrix format of EOMs, for the 7-rotor MRWT system is refined in equation 
(94).  
                     27 7 7 0
Classic  dynamic terms New nonlinear terms
M C K A Bt t t t t t     r r r r r F    (94) 
The vector  tr  contains both the usual geometric displacements (x, y, z) and rotational 
angles (α, β, γ) and similarly, the vectors  tr  and  tr  contain both translational and angular 
components. The detailed complex nature of the nonlinear matrices involving the coupling of 
displacements and rotations for a 7-rotor system are illustrated sequentially, in equations (95) and 
(96).  
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Where,  
1
m : The mass of each rotor in every symmetric pair,  
il : The distance of each rotor of the i
th symmetric pair to the origin point O, 
R: Distance of rotor 3 to the origin point O, and 
iθ : The in-plane rotation of right hand side rotor in the i
th symmetric pair. 
 
 Loading vector and properties 
Figure 44a shows the upwind system of thrusts, torques and moments that are on each 
rotor in the top structure, and figure 44b shows the equivalent loads that are applied at the origin 
point O.  
 
 
 
 
Figure 44: Time-dependent thrust, torques and moments, applied on the 7-rotor system 
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 tF , the time-dependent loading vector, is described in equation (97). 
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                                           (97) 
Then, 
O
m : The substructure mass,  
r
m : The mass of each symmetric rotor,  
il : The in-plane length of rotors in each symmetric pair, and 
iθ : The rotation of rotors in each symmetric pair.  
( )exF t : The thrust at the origin point O,  
( )xvF t : Thrust load applied to the vertical rotor 3, 
( )oF t : The equivalent horizontal load applied to the substructure, 
 ( )
Lx i
F t : Thrust load applied to the left hand side rotor in the ith symmetric pair, 
 ( )
Rx i
F t : Thrust load applied to the right hand side rotor in the ith symmetric pair, 
( )exM t : The equivalent torque at the origin point O,  
 ( )
Lx i
M t : The torque applied to the left hand side rotor in the ith symmetric pair, 
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 ( )
Rx i
M t : The torque applied to the right hand side rotor in the ith symmetric pair, 
( )xvM t : Torques load applied to the vertical rotor 3, and 
( )eyM t : The resultant moments of applied thrusts on different rotors, caused the large rotation 
about the y-axis, and  
( )ezM t : The resultant moments of applied thrusts on different rotors, caused the large rotation 
about the z-axis.  
 Note that, this study does not apply any horizontal wind load in the y-direction. In addition, 
based on figure 45 the sign convention deployed in equation (97), follows the upwind loads 
direction. Therefore, by considering equal and symmetric loads, the resultant value of ( )ezM t  is 
zero, as well. 
3.6 Refined 7-Rotor Configuration and the Corresponding Matrix form of EOMs 
As mentioned in section 3.1, the 7-rotor configuration is refined by applying some 
additional geometric relationships. The refined 7-rotor configuration is a streamlined 
demonstration of the 7-rotor system. In other words, the refined 7- rotor system, excludes the 
summation combinations of individual symmetric pairs by relating their positions to   the building 
block geometry. In the symmetric MRWT systems, there are significant geometric dependencies 
between the building block characteristics and the individual symmetric pairs. These dependencies 
are shown in figure 45 and equation (98).  
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Figure 45: Geometric dependent lengths 
 
 
 
Equation (98) is applied to the EOMs of the 7-rotor, equations (83), (85), (87), (89) and 
(91). The resultant EOMs are simply functions of the building block geometric parameters and 
DOFs. Subsequently, equations (99) to (101) show the diagonal elements of refined linear mass 
matrix,  
R
M  and refined nonlinear matrices  
R
A  and  
R
B .  
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  (99) 
 
Then, 
O
m : The substructure mass,  
i
m : The mass of each rotor in the symmetric pair,  
center
m : The mass of rotor 3,  
1l : The horizontal length of rotors 1and 2 from the origin point O, and 
R: The vertical length of rotor 3 from the origin point O.  
The definitions above are applicable to the parameters in equations (99), (100) and (101). 
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4. APPLICATION OF THE IN-PLANE ROTATION APPROACH 
 
Two existing and hypothetical MRWT systems are evaluated in the current chapter. 
Consequently, the application of the in-plane rotation approach to derive the EOMs of every 
symmetric configuration of MRWT is illustrated.  
4.1 Vestas 4-Rotor Symmetric Configuration 
The 4-rotor Vestas system is an existing MRWT symmetric configuration constructed in 
Feb 2016 in Denmark. This prototype is considered here as a case study to be investigated by the 
in-plane rotation approach.  
 
 
 
 
Figure 46: Vestas 4-rotor configuration, after applying the in-plane rotation approach 
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The Vestas model shown in figure 46 is considered as a 7-rotor configuration with zero 
masses for rotors 1 to 3. Subsequently, the matrix equation (94) is easily deployed to find the 
EOMs of this structure.  
 
 
 
 
 
Figure 47: Time-dependent thrust, torques and moments, applied on the 4-rotor system 
 
 
 
Figure 47a shows the upwind thrust, torques and moments that are applied on each rotor in 
the top structure, and figure 47b shows the equivalent loads that are applied at the origin point O. 
Moreover, equations (102) shows the diagonal elements of 4-rotor linear mass matrix,  4M  and 
equation (103) shows the loading vector of the 4-rotor configuration. Moreover, nonlinear matrices 
of  4A  and  4B , are defined in equations (104) and (105), respectively. 
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Then, 
O
m : The substructure mass,  
r
m : The mass of each symmetric rotor,  
il : The in-plane length of rotors in each symmetric pair, and 
iθ : The rotation of right hand side rotor in each symmetric pair.  
The definitions above are applicable to the parameters in equations (104) and (105) below.  
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Where,  
( )exF t : The thrust at the origin point O,  
( )oF t : The equivalent horizontal load applied to the substructure, 
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 ( )
Lx i
F t : Thrust load applied to the left hand side rotor in the ith symmetric pair, 
 ( )
Rx i
F t : Thrust load applied to the right hand side rotor in the ith symmetric pair, 
( )exM t : The torque at the origin point O,  
 ( )
Lx i
M t : The torque applied to the left hand side rotor in the ith symmetric pair, 
 ( )
Rx i
M t : The torque applied to the right hand side rotor in the ith symmetric pair, 
( )eyM t : The resultant moments of applied thrusts on different rotors, caused the large rotation 
about the y-axis, and  
( )ezM t : The resultant moments of applied thrusts on different rotors, caused the large rotation 
about the z-axis.  
Note that, this study does not apply any horizontal wind load in the y-direction. In addition, based 
on figure 46 the sign convention deployed in equation (103), follows the upwind loads direction. 
Therefore, by considering equal and symmetric loads, the resultant value of ( )ezM t  is zero, as 
well. 
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4.2 General Symmetric Configuration 
Steps below clarify the progression of models discussed in the current study: 
1. 3-rotor configuration (the building block model) 
2. 7-rotor configuration 
3. Refined 7-rotor system 
4. Refined 4-rotor Vestas model 
5. General symmetric configuration 
The matrix format of the 7-rotor configuration, derived by the in-plane rotation approach, 
provides the template to find the general formulation of dynamic behavior of MRWT systems 
undergoing large deformations. Figure 48 illustrates the general MRWT configuration to deploy 
the in-plane rotation approach.  
 
 
 
 
Figure 48: General symmetric MRWT with k vertical and n symmetric pairs of rotors 
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Figure 48 includes k rotors in line with rotor 3 vertically, and n symmetric pairs of rotors. 
Equations (106) to (109) define the consequent diagonal elements of linear mass matrix, the 
loading vector and nonlinear matrices of general system of rotors, respectively. Note that previous 
calculations exclude the weight of connecting links in the top structure.  
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                                                      (106) 
Where, 
i
m : The mass of each rotor in the ith symmetric pair,  
j
m : The mass of each rotor that is located vertically on the z-axis,  
O
m : The mass of substructure,  
i
l : The distance of each rotor of the ith symmetric pair to the origin point O,  
j
R : The distance of vertical rotor j to the point O, and 
iθ : The in-plane rotation of right hand side rotor in the i
th symmetric pair. 
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  (107) 
Then,  
( )exF t : The equivalent thrust at the origin point O,  
( )xjF t : Thrust load applied to the jth vertical rotor, 
 ( )oF t : The equivalent horizontal load applied to the substructure, 
 ( )
Lx i
F t : Thrust load applied to the left hand side rotor in the ith symmetric pair, 
 ( )
Rx i
F t : Thrust load applied to the right hand side rotor in the ith symmetric pair, 
( )exM t : The equivalent torque at the origin point O,  
 ( )
Lx i
M t : The torque applied to the left hand side rotor in the ith symmetric pair, 
 ( )
Rx i
M t : The torque applied to the right hand side rotor in the ith symmetric pair, 
( )xjM t : Torques load applied to the jth vertical rotor, and 
( )eyM t  and ( )
e
zM t : The resultant moments of applied thrusts, caused the rotation about the y 
and z axes, respectively.  
 122 
 
Equation (107) shows the general formulation of applied loads. Therefore, to determine the 
accurate values of lateral loads and moments, sign convention criteria based on the upwind or 
downwind loadings are implemented. 
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5. NUMERICAL EVALUATION OF NONLINEARITY EFFECTS ON THE RESPONSE 
BEHAVIOR OF 3-ROTOR MRWTS  
 
The objective of this chapter is the numerical investigation of large deformations and 
consequent nonlinearity contributions to the response behavior of MRWTs. For instance, applying 
a comprehensive numerical solution to the derived EOMs of the 3- rotor building block, equation 
(38), provides a reliable numeric sample to evaluate the significance of including or excluding 
large deformations in structural analysis of MRWT systems. Therefore, detailed numerical 
solutions to equation (38), subsequent sensitivity analyses, and interpretation of the consequent 
results are provided in this chapter.   
5.1 Overview of Numerical Solution of Current Study 
To address the simulation objectives in real time, an iterative solution with the convergence 
criteria of      1 n nε x x   should be deployed. There are several solutions to find the 
dynamic structural responses. Numerical and analytical approaches to solve the EOMs are 
classified based on the nonlinearity and linearity of the structural system and corresponding 
responses. The most common approaches are twofold: analytical and numerical as noted below 
(Chopra 2005; Clough and Penzien 1993). 
a. Analytical solutions of linear elastic structures: 
1. Classical solutions  
2. Duhamel’s integral 
3. Frequency domain method 
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However, complicated nonlinear structural behaviors are described numerically.  
b. Numerical solutions of inelastic systems responses or nonlinear responses of linear systems: 
1. Time stepping methods 
2. Methods based on interpolation of excitation 
3. Central difference method 
4. Newmark-β method 
5. Ordinary Differential Equation (ODE) 
 
Based on structural engineering concepts, there are differences in seismic design and wind 
resistance design of structures. Design forces are based on the assumption that a significant amount 
of inelastic behavior will take place in the structure during a design earthquake. In contrast, wind-
resistant structures are designed to remain elastic under factored loads. Therefore, by applying 
static and dynamic wind loads exclusively, the wind turbine structural systems in the current study 
are considered as linear elastic. However, nonlinearity is different from inelastic behavior, and as 
discussed in chapters 2, 3 and 4, applying the large deformations concept, results in deriving 
nonlinear EOMs and nonlinear structural responses.  
Among all iterative numerical methods to solve the nonlinear equations of motion, the 
Newmark-β iterative method is a popular method for dynamic responses analysis because of its 
reliable accuracy for high order nonlinearities (Chopra 2005). However, some built-in MATLAB 
solvers follow the same algorithm of ODE iterative methods. The most common numerical solver 
in MATLAB is ode45. Function ode45 is MATLAB’s standard solver for ODEs. This function 
implements a Runge-Kutta method with a flexible time interval for efficient computation (Senan 
2012). 
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In contrast to the Newmark-β solution, convergence criteria and boundary conditions of 
MATLAB ode45 solver can be modified inside the functions according to the user needs. This 
modification option results in capturing much more accurate responses. Furthermore, additional 
second-degree nonlinear contributions to the velocity terms of the current study are not convertible 
to the Newmark-β arrangement.  Therefore, in this study, to determine the numerical contribution 
of second order and second degree nonlinearities to the time dependent MRWTs structural 
responses, ode45 MATLAB solver is deployed.  
5.2 Overview of Inputs to Numerical Simulation and Analysis Methodologies  
Of particular interest in the numerical simulation, is to contrast the structural response 
behavior of newly derived nonlinear formulation with the classic form of the EQM. In order to 
execute more representative numerical solutions and analyses, the geometric and loading data from 
the most recent simulated 3-rotor systems (Verma 2013; Mate 2014) are deployed, and a 3- rotor 
MATLAB model is designed and implemented. Accordingly, the input data of the current study 
are described based on three different features in parts (a) to (c) below.   
a) Geometry and Physical Properties 
The 3-rotor MRWT model in Verma’s study was conducted based on the design conditions 
of the 5MW single rotor NREL (Jonkman et al. 2009) baseline system. Verma downscaled the 
5MW wind turbine to design a configuration of three rotors. Subsequently, the power capacity of 
each rotor was calculated as 1.67 MW (Verma 2013). Afterward, Mate (Mate 2014) modified 
Verma’s simulations, and introduced a 3-rotor MRWT system with a tubular support structure and 
cable elements as the top structure. However, Mate’s research considered more details, design 
criteria and specifications, and it is the most recent simulated 3-rotor system. Therefore, geometry 
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and loading data of Mate’s (Mate 2014) model is considered as the reference model of current 
study. Figures 49a and 49b show the geometric properties of Verma’s triangular MRWT system 
and Mate’s cable structure, respectively.   
 
 
 
 
a) Steel frame three-rotor system, reprinted from (Verma 2013) 
 
 
 
 
b) Cable frame three-rotor structural system, reprinted from (Mate 2014) 
Figure 49: Geometry and structural properties of reference 3-rotor MRWT systems 
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Dynamic characteristics of the support structure are known parameters in the nonlinear 
equation (38) and the in-plane rotation approach. However, the values of the translational and 
rotational stiffness in equation (38) are calculated based on the type of support structure. It is 
obvious that the stiffness, mass and damping of a concrete tower is different from a steel tower. 
On the other hand, the support structure type and corresponding methods to calculate the dynamic 
characteristics are not the subjects of discussion in the current study. Therefore, the current study 
evaluates a prismatic tubular steel tower as the support structure of the MRWT systems, and rigid 
steel frame sections as the top structure. In addition, the current study does not include the soil 
structure interactions. In resulting, the 3-rotor system with the fixed end support structure is shown 
in figure 50.  
 
 
 
 
Figure 50:  MATLAB simulated three- rotor building block of the current study 
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 Subsequently, table 3 displays the physical properties of all discussed systems that 
provide the initial information to perform the numerical simulations. 
 
 
 
Table 3: Physical properties of reference wind turbines and MATLAB building block  
 
                                System                                                                                
         Property 
5MW  
SRWT 
NREL 
(Verma 2013) 
 
Per rotor of 
MRWT 
Verma 
(Verma 2013) 
Per rotor of 
MRWT  
Mate 
(Mate 2014) 
Per rotor 
of 
MRWT 
3-rotor 
Building 
block 
 
Rotor diameter (m) 126 72.75 72.75 72.75 
 
Top structure frame height (m) - 66.15 66.15 66.15 
 
Top structure frame length (m) - 78.75 76.38 76.384 
 
Steel support structure height (m) - 67.95 67.95 67.95 
 
Tower tubular diameter (m) - - - 6 
 
Tower section thickness (m) - - - 0.03 
 
Tower weight (ton) - 328.7 347.82 324.8 
 
Top Steel frame weight (ton) - 135.6 
Self-weight 
of sections 
135.6 
 
RNA weight (ton) 357.80 74.97 73.18 73.18 
 
 
 
 
In order to prevent some undesirable interactions a practical gap, e.g. 5% of the rotor 
diameter is predicted between every two adjacent rotors (Mate 2014). Consequently, the total top 
structure frame length of the current study is equal to 76.384 m.   
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b) Modal Properties  
The geometry and physical properties that mentioned in table 3, along with equations (35) 
to (37) are deployed to find the values of mass, stiffness and corresponding damping matrices. 
Consequently, modal information and outputs of the 3-rotor building block are defined in table 4.   
 
 
 
Table 4:  Modal characteristics of the 3-rotor building block 
 
Mode DOF Mass*105 Stiffness*106 
Damped 
natural 
frequency 
(rad/s) 
Frequency 
(cyc/s), Hz 
Period 
(s) 
1 Fore-aft 0.0068 (ton) 0.0244 (kN/m) 5.811 0.925 1.081 
2 Side-side 0.0068 (ton) 0.0244 (kN/m) 5.99 0.953 1.049 
3 Roll 8.634 (ton.m2) 111.3 (kNm/rad) 5.99 0.953 1.049 
4 Pitch 5.180 (ton.m2) 111.3 (kNm/rad) 11.35 1.807 0.554 
5 Yaw 3.453 (ton.m2) 16.7 (kNm/rad) 14.65 2.33 0.429 
 
 
 
Note that in addition to the dynamic natural frequencies, there are operational frequencies 
involved in the design of wind turbines. Natural frequencies result from the mass and stiffness 
properties of the wind turbine’s top structure, tower, and foundation. However, for a typical 
HAWT operational frequencies are defined based on the number of blades of each wind turbine 
rotor and harmonic forcing functions (Agbayani 2014; Kjørlaug 2013). The purpose of considering 
operational frequencies is to avoid the resonance phenomenon during wind turbine operation 
(Agbayani 2014).  
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To evaluate the natural frequency values of the 3-rotor building block, two compatible 
studies are considered. Firstly, the natural frequencies of the first five modes of Mate’s model as 
the reference model (Mate 2014) are shown in table 5.  
 
 
 
Table 5: Natural frequencies of the 3-rotor system from SAP 2000 (Mate 2014) 
 
Mode Frequency (Hz) Mode type 
1 0.266 Fore-aft 
2 1.531 Twisting 
3 2.876 Side-side 
4 3.195 Twisting 
5 4.388 Twisting 
 
 
 
In addition, there is one study by P. Jamieson et al. in 2014 (Jamieson and Branney 2014) 
that generated the modal characteristics of a 20 MW MRWT by upscaling the NREL 5 MW single 
rotor system. The corresponding natural frequencies of the system are between 0.35 to 9.07 Hz. 
Jamieson et al. also mention that the operational frequency of a single rotor turbine with 
three blades varies between 0.44-0.78 Hz. Thus, by considering the two studies mentioned above, 
the observed natural frequencies of the current study building block are located in the acceptable 
range. 
c) Loading Criteria and Analysis Types 
Wind turbine systems are subjected to different types of dynamic and static loads during 
their lifetimes. However, wind loads-induced effects on the structure are the explicit topics of 
interest in the current study. Therefore, to capture accurate structural behaviors, the two following 
dynamic analyses are performed. In addition, pushover analysis is performed later to capture the 
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pushover curves of the building block structural system. Accordingly, the properties of three 
mentioned analyses are described in parts (i) to (iii) below.   
i.       Steady wind loads / dynamic analysis 
Table 6 displays the steady wind force features of the reference systems and the 3-rotor 
building block. These values are derived based on performing particular wind speeds in FAST for 
the 5 MW NREL system, and downscaling the maximum values of resultant thrusts and torques 
by 1/3 and 1/3√3, respectively (Mate 2014). 
 
 
 
Table 6: Steady wind-force features of reference wind turbines and the building block 
                         Force 
        System 
Rotor Torque 
(kNm) 
Maximum  Thrust 
(kN) 
5 MW SRWT NREL 
 (Jonkman et al. 2009) 
3945.9 
684.8   
Upwind 
Per rotor of MRWT Verma  
(Verma 2013) 
714.3 
228   
Upwind 
Per rotor of MRWT Mate 
 (Mate 2014) 
802.72 
241.52   
Downwind 
Per rotor of MRWT 
 3-rotor building block 
802.72 
241.52   
Upwind 
 
 
 
ii.        Time dependent wind / dynamic random vibrations analysis  
Real time series analysis is an evaluation of the MRWT systems’ responses under randomly 
and continuously varying wind speeds that generate random vibration inputs. However, there was 
no extant time series load data available for the MRWT systems of current study. An efficient 
approach to perform MRWT time dependent analyses is to generate the time series load data based 
on the studies mentioned previously. In other words, it is practical to apply appropriate regression 
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to the available loading data in Mate’s study (Mate 2014) to derive the relationships between wind 
speeds and corresponding thrust and torque loads. Figures 51 and 52 show the thrust loading and 
torque loading spectra per rotor of the 3-rotor building block, respectively.  
 
 
 
 
Figure 51: Predicted thrust loads spectrum based on the 5MW NREL downscaled values and 
Mate’s study (Jonkman et al. 2009; Mate 2014) 
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Figure 52: Predicted torque loads spectrum based on the 5MW NREL downscaled values and 
Mate’s study (Jonkman et al. 2009; Mate 2014) 
 
 
 
Time functions shown in figures 51 and 52 are derived by downscaling the 5 MW NREL 
applied loads to the 1.67 MW 3-rotor building block, and performing the linear and polynomial 
regressions to predict the relative equations between wind speed and corresponding load values.  
The final step in generating the time series data is to deploy the derived polynomials and 
selected wind speed ranges to the ode45 functions in MATLAB. For instance, an array of random 
values for wind speeds between 3 and 25 m/s are generated in MATLAB, and time series of 
generated upwind and symmetric thrust and torque in a certain time window are shown in figure 
53.  
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Figure 53: Predicted thrust & torque time series of downwind & symmetric data 
 
 
 
Using a similar method, figure 54 shows the patterns of generated random vibrations to 
evaluate nearly all the possible cases of upwind, downwind, symmetric and asymmetric wind loads 
for the 3 - 25 m/s wind speed range.  
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Figure 54: Random vibrations to simulate upwind / downwind & asymmetric loads 
 
 
 
In a word, time series analysis is a substantial step in sensitivity analysis as it evaluates the 
nonlinear structural responses under unpredictable and random vibration data sets, which include 
the majority of potential loading scenarios.    
iii. Pushover / Nonlinear static analysis 
While random vibrations dynamic analysis is widely noted for its accuracy, the extant 
critical displacement and rotation criteria for MRWT are not available. Consequently, the outputs 
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of the time dependent analyses are not sufficient to interpret the significance of nonlinear terms in 
the structural responses of the building block. Therefore, performing the pushover/nonlinear static 
analysis to derive the pushover curves of the structure is a complementary analysis to show the 
contributions of both geometric and large displacements nonlinearities  
5.3 Sensitivity Analysis of Building Block Structural Responses 
An efficient approach to investigate the contribution of nonlinearities in MRWT structural 
responses is to perform the sensitivity analysis. According to the generic properties of the 3-rotor 
building block system, discussed in chapters 2, 3 and 4, equation (38) below, is considered as the 
target equation of sensitivity analysis in this chapter.   
                       2 0         (38)M t C t K t A t B t t
Classic dynamic terms New nonlinear terms
     r r r r r F  
Previously mentioned, the numerical solver to equation (38) is MATLAB ode45 solver. 
One practical methodology to pursue the objectives of sensitivity analysis of the current study is 
to consider each nonlinear matrix individually, and compare the contribution of each nonlinear 
term to the overall responses of the MRWT system. Moreover, geometric nonlinearities known as 
P-delta effects are included in the sensitivity analyses to compare the contributions of different 
aspects of nonlinearity.   
Note that an expeditious evaluation of equation (38) might result in considering  A  as an 
inertia nonlinear term integrated into the mass matrix. However, based on the concept of elastic 
structures, mass will remain constant during the time dependent loadings. On the other hand, 
adding time-dependent nonlinear components of  A  will change the mass matrix elements. 
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Therefore, nonlinear matrix  A  does not have any participation in the modal properties of the 
MRWT structure. Accordingly, the sensitivity analysis methodologies of the current study are 
described in phases (I) to (IV) below.   
 Phase I - Numerical Solution to the Classic-Linear EOM 
This step evaluates the responses of classic linear EOM under both steady wind and time 
dependent wind dynamic loads, i.e.   A and  B  are equal to zero. Previously mentioned, linear 
classic EOM of a damped structural system is defined in equation (33) as below: 
               0 (33)   M t C t K t t   r r r F  
Consequently, the structural responses of the building block at the origin point O are 
derived based on equation (110) and ode 45 solver. 
                
-1
t M t C t K t r = F r r                                        (110) 
Note that loading vector  tF , is defined based on equation (45), and its corresponding 
elements are derived based on both time dependent and steady wind loads, individually.  
 Phase II - Sensitivity Analysis Including [A] and Excluding [B] 
 This phase investigates the responses of the nonlinear EOM under both steady wind and 
time dependent wind dynamic loads by considering 1st nonlinear matrix  A , individually, i. e. 
  0B  . Nonlinear EOM of a damped structural system by excluding nonlinear matrix  B  from 
equation (38), is defined in equation (111). 
                   0    M t C t K t A t t    r r r r F   (111) 
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This methodology suggests applying efficient ode45 solver functions to solve the equation 
of motion (111), while the linear mass matrix and nonlinear terms of matrix  A  are considered 
as distinct matrices. Consequently, the nonlinear structural responses vector of the building block 
at the origin point O is derived based on equation (112) and ode 45 solver. 
                  
1
t M t C t K t A t

   r F r r r       (112) 
 Phase III - Sensitivity Analysis Including [B] and Excluding [A] 
This step evaluates the responses of nonlinear EOM under both steady wind and time 
dependent wind dynamic loads by considering 2nd nonlinear matrix  B , individually, i. e. 
  0A  .Nonlinear EOM of a damped structural system by excluding nonlinear matrix  A  from 
equation (38), is defined in equation (113). 
                   2 0   M t C t K t B t t    r r r r F           (113) 
 
Consequently, the nonlinear structural responses vector of the building block at the origin 
point O is derived based on equation (114) and ode 45 solver. 
                  1 2  t M t C t K t B t   r F r r r          (114) 
 Phase IV - Sensitivity Analysis Including both [A] and [B] 
 This phase investigates the responses of the nonlinear EOM under both steady wind and 
time dependent wind dynamic loads by applying both nonlinear matrices  A  and  B  in the 
EOM. Nonlinear EOM of a damped structural system by including both nonlinear matrices  A  
and  B  is defined in equation (38). 
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Consequently, the nonlinear structural responses vector of the building block at the origin 
point O is derived based on equation (115) and ode 45 solver. 
                      1 2  t M t C t K t A t B t    r F r r r r   (115) 
 
Note that in equations (110) to (115),  M  ,  C and  K are mass, damping and stiffness 
matrices, respectively. To determine the numeric values of elements of the matrices, the physical 
and geometrical properties of the system mentioned in table 3 are applied to the equations (35) to 
(37). Additionally, loading vector  tF , is defined based on equation (45), and its corresponding 
elements are derived based on both time dependent and steady wind loads, individually. 
5.4 Sensitivity Analysis Outputs  
To perform the sensitivity analyses, steady speed wind loads and generated random 
vibrations mentioned in section 5.2 are applied individually to the 3-rotor MRWT system. Based 
on the loading type, direction and symmetry concepts, there are three loading cases for both steady 
speed wind and random vibrations analyses. The loading cases are threefold: symmetric loading, 
asymmetric loading and harmonic loading.  
However, it is not within the scope to publish all of the observed outputs in the current 
study. After evaluating the results of each analysis type corresponding to the specific loading cases, 
the most representative and salient outputs and response behaviors are mentioned as follows.  
 
 Asymmetric loadings 
Figure 55 demonstrates the time dependent displacements and rotations at the origin point 
O, when the building block structure is subjected to the steady speed asymmetric wind loads. 
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Similarly, figure 56 shows the real time displacements and rotations at the origin point O, when 
the building block structure is subjected to the asymmetric time series of wind loads. 
Displacements mentioned above are the results of all phases of the sensitivity analyses. 
 Symmetric loadings 
Figures 57 and 58 indicate the structural displacements according to the symmetric steady 
speed wind loads and symmetric time series wind loads, respectively. The displacements 
mentioned are the results of all phases of the sensitivity analyses. 
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Figure 55:  Time dependent displacements & rotations of origin point O according to the 
asymmetric steady speed wind loading 
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Figure 56:  Displacements & rotations of origin point O according to the asymmetric real time 
series of wind loads 
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Figure 57:  Time dependent displacements & rotations of origin point O according to the 
symmetric steady speed wind loading 
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Figure 58:  Displacements & rotations of origin point O according to the symmetric real time 
series of wind loads 
 
 147 
 
Figures 55 to 58 indicate that the variations of the structural responses do not follow the 
same pattern for all DOFs. In general, asymmetric loading results in bigger differences, but both 
symmetric and asymmetric loading cases show that the significant differences between linear and 
nonlinear responses appear in the 4th and 3rd DOFs. On the other hand, the contribution of the 
nonlinear terms to the structural response behavior in the rest of the DOFs is not noticeably distinct.  
Additionally, it is noticeable in figures 57 and 58 that while symmetric load cases (equal 
torques and equal upwind thrusts) are applied to the building block structure, some frequency shifts 
are observed in the 4th DOF, as well.  Therefore, the biggest contribution of nonlinear terms appears 
in the 4th DOF, which is the out-of-plane rotation about the y-axis (pitch). 
More explicitly, probable interactions between nonlinear terms and coupled DOFs might 
result in different behaviors while different load cases are applied.  The resulting the sensitivity of 
structural responses of the building block to the nonlinear terms depends on the following factors:  
 Symmetry and non-symmetry of loadings 
 Direction of loading; More explicitly, applying either upwind or downwind thrusts, along 
with either CW or CCW torques results in capturing various nonlinear contributions.  
 Definition and values of elements of  M  ,  C and  K . 
There remains a necessity to clarify the most effective nonlinear term. For example, figures 
56 and 58 (time series analysis) show that the significant values of nonlinear terms appear in the 
4th and 3rd DOFs while the P-delta effects and both nonlinear matrices,  A  and  B  are applied.  
On the other hand, figures 55 and 57 (steady speed wind load) illustrate that the most significant 
differences in the 4th DOF values are observed between the contribution of P-delta effects and 
individual nonlinear matrices. Accordingly, it is required to perform pushover analysis to 
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compensate for the insufficiency of the dynamic analyses outputs to determine the contribution of 
nonlinear terms.  
5.5 Nonlinear Static / Pushover Analysis in MATLAB 
As clarified in the previous section, the nonlinear terms in some loading cases and for some 
DOFs do not result in very significant effects. However, in some other cases, the responses of 
nonlinear EOMs vary noticeably in comparison to the corresponding linear EOMs.  
Moreover, according to the lack of critical displacement and rotation criteria for MRWTs, it is 
hard to correctly interpret the differences between responses and variation patterns. Therefore, 
pushover analysis and consequent pushover curves is a complementary analysis to show the 
contributions of nonlinear terms.   
Pushover curves show the nonlinear behavior of structures. To derive the pushover curves 
of the 3- rotor building block, nonlinear static analysis/pushover is performed. P-delta effects are 
applied to the numerical solutions. Besides that pushover curves of the current study are derived 
in two cases; including nonlinearity effects and excluding nonlinearity effects.  
The current study’s approach to perform a load-control pushover analysis is to consider the 
location of rotor 3 as the target point, and apply an incremental increasing load in the x-direction 
to the point. The consequent pushover curve is shown according to the base shear and the target 
point displacement at each step.    
Note that based on the methodology described in chapter 2, the outputs of the numerical 
solution show the response behavior of the origin point O. Afterward, the displacement of rotor 3 
is determined based on the corresponding position vector, equation (10),  which was derived in 
chapter 2. Subsequently, figure 59 illustrates the approach of the current study to derive the 
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pushover curves. As figure 59a clearly shows a lateral load in the direction of thrust (x-direction) 
is applied incrementally at the position of rotor 3. Figure 59b shows the corresponding 
displacements of the target point as the responses of linear and nonlinear EOMs, individually. Note 
that linear di and nonlinear di are the steady state values of displacements for the corresponding 
lateral load, Fxi. Finally, figure 59c demonstrates the derived pushover curves based on the outputs 
of figures 59a and 59b. 
 
 
 
 
 
Figure 59: Methodology of the current study to derive target displacements and consequent 
pushover curves 
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From the resulting data, it can be observed that the behavior of manually generated 
pushover curves is particularly dependent on the values of incremental pushing loads and the 
analysis duration. For example, in the shorter time durations, significant differences are observed 
between the linear and nonlinear pushover curves. On the other hand, the linear and nonlinear 
pushover curves derived from the longer time durations have similar trends. This observation can 
be interpreted as the damping effects that result in the convergence of both linear and nonlinear 
steady state displacements to the same values at very long durations. To prove this proposed 
interpretation, several pushover analyses were performed to capture the optimum pushover curves.  
The most desirable curves were attained at the duration of 40 sec. Note that the presence of possible 
errors is assumed.  Figure 60 illustrates the derived pushover curves by considering 40 sec as the 
analysis duration and lateral load increments of 241 kN.  
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Figure 60: Thrust direction pushover curves by applying linear, P-delta and nonlinear effects to 
the numerical solutions 
 
 
 
Figure 60 illustrates that according to the pushover curves nonlinearity effects are related 
to the matrix  A , significantly. In other words, the results of applying both nonlinear matrices 
 A  and  B , are close to the results of considering  A , individually. However, some 
interactions between nonlinear terms and coupled DOFs may result in reducing the target 
displacements. Therefore, figure 58 demonstrates that in the first loading steps, linear responses 
are bigger than the nonlinear responses, and including P-delta effects is the governing case. 
Nevertheless, large displacements-induced nonlinearities pass the P-delta curve at the longer 
duration of the analysis. This behavior clarifies the significance of nonlinear terms to be included 
in the EOMs and the dependency of nonlinear responses on the analysis time duration. 
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 The pushover curves are derived from the displacements of point 3. So, the time dependent 
displacements of point 3 in the x-direction during the steady speed wind load are shown in figure 
61. As anticipated, the pattern of displacements in figure 61 follows the pushover curves trend, 
and clarifies that at the first steps, P-delta has more of an effect than all the potential loading cases, 
and the contribution of large displacements-induced nonlinear terms is significantly noticeable in 
the longer duration of analysis.  
 
 
 
 
Figure 61: Time dependent displacement of target point in x-direction during the steady speed 
and symmetric wind loading 
 
 
 
5.6 Interpretation and Conclusion  
According to the results of section 5.5, both approaches of considering  A  individually 
and the combination of  A and  B  in the EOMs result in capturing nearly the same responses. 
In other words, the outputs of sensitivity analyses indicate that the contribution of the first derived 
nonlinear term,  A , to the displacements and rotations of the building block structure is more 
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significant than the effects of the second derived nonlinear terms,  B . However, evaluating the 
numeric values of the corresponding displacements of each loading case in section 5.4 clarifies 
that the differences mentioned above are in the scale of decimals. This behavior is clearly observed 
in the pushover curves, where the responses of all cases corresponding to the large displacements-
induced nonlinearities converge to the same value.  
Still, while there are differences in the pushover curves, the nonlinear pushover curves 
depart from the corresponding linear curves in the negative direction. According to the coupled 
DOFs and nonlinear trigonometric dependencies, some terms in the nonlinear matrices are 
negative. It was mentioned previously in chapters 2, 3 and 4 that the nonlinear terms are sensitive 
to the sign convention. Moreover, applying CW/CCW torques along with upwind/downwind 
thrusts may result in getting CW/CCW rotations, and the sign of coupled nonlinear terms may 
change based on applied load directions and consequent structural rotations. Subsequently, bigger 
nonlinear displacements would be captured compared to the corresponding linear values during all 
steps of loading. The latter behavior mentioned above was observed in some of the load cases 
during the previous analyses. However, it is not within the scope of the current study to investigate 
every possible loading case and structural property to evaluate the resultant interactions and sign 
of the terms in the nonlinear matrices. Therefore, according to the absence of extant MRWT 
systems data and loading time series, some assumptions were applied to the simulations that 
resulted in capturing the conclusion mentioned above.  
Despite these concerns over the sign interactions and loading scenarios, the pushover 
curves demonstrate that during the first steps of loading, the P-delta effects are more significant 
than the effects of large displacement nonlinearity, and once the second order effects are applied 
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to the EOMs, both geometric nonlinear effects and large displacements-induced nonlinearities are 
captured. On the other hand, applying bigger lateral loads during the longer duration analyses 
results in observing more significant contributions of large displacements-induced nonlinearities 
than the P-delta effects.  
In summary, according to the load-control pushover approach of the current study, a 
specific target displacement value, which provides the critical point, is not available. Therefore, it 
is suggested to include both types of nonlinearities (geometry and large displacements-induced 
nonlinearities) in the nonlinear dynamic and static analyses to capture the real structural behavior 
of the MRWT systems.  
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6. FINITE ELEMENT INVESTIGATION OF NONLINEARITY EFFECTS  
 
6.1 Overview of the Finite Element Model (FEM)  
Finite Element (FE) simulation is an alternative approach to numerical simulations to 
evaluate the contribution of the nonlinear terms (P-delta effects and large displacements-induced 
nonlinearities) to MRWT systems behavior. Moreover, the FE model visually illustrates the 
MRWTs dynamic behavior, and provides the critical design information regarding maximum 
bending moment and time dependent stress-strain estimations at the base of the tower.  
The outputs of FEM of the current study also validate the derived EOMs and numerical 
solutions of the 3-rotor building block. SAP 2000 is deployed to perform the FE analyses. 
Geometry and physical properties of the 3-rotor building block that were described in table 3 of 
chapter 5 are applied to the FEM to provide similar conditions. In addition, steady speed wind 
loads in table 6 are imported to the SAP model of current chapter as the static loads. Note that the 
Rayleigh damping coefficients are determined based on the FE modal analysis and MATLAB 
numerical simulations.  
Buckling requirements and design criteria of AISC-LRFD 93 are applied to the FE building 
block model. As previously mentioned in chapter 5, a tubular steel structure with a diameter of 6 
m and thickness of 0.03 m is considered as the support structure. Pipe sections are also deployed 
for the rigid links of the top structure.  Pipe sections are lighter than corresponding solid sections. 
Moreover, the consistent cross-sectional shape of pipes reduces the calculation and construction 
mistakes. Pipe sections also offer enough resistance against bending force, and provide the desired 
structural behavior.  Table 7 shows the sections properties of the 3-rotor FE MRWT structure.   
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Table 7:  Sections properties of the FE 3-rotor building block 
Section Diameter (m) Thickness (m) 
Tower  6 0.03 
Top structure 1 4 0.02 
Top structure 2 2 0.01 
Top structure 3 0.8 0.008 
 
 
 
6.2 Modal Analysis  
Section properties of table 7, along with the geometry and physical values in table 3 are 
deployed in the FE simulation. Consequently, modal information of the FE 3-rotor building block 
is defined in table 8.  Comparing the values of table 8 with table 4 of chapter 5, which shows the 
modal properties of the numerical simulation, indicates that the natural frequencies of numerical 
and analytical simulations are close to each other.  
 
 
 
Table 8: Modal analysis outputs of the 3-rotor FEM 
 
Mode Period (s) 
Frequency 
(cyc/s), Hz 
Natural 
frequency 
(rad/s) 
1 2.382 0.419 2.637 
2 2.380 0.420 2.639 
3 0.745 1.341 8.430 
4 0.549 1.823 11.454 
5 0.422 2.365 14.859 
 
 
 
Figure 62 illustrates the mode shapes of 5 DOFs. There are two translational, and three 
rotational mode shapes. Note that the effects of coupled DOFs are noticeable in some mode shapes. 
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This observation proves the captured interactions between DOFs in the numerical nonlinear 
EOMs.  
 
 
 
   
Mode 1 Mode 2 Mode 3 
  
Mode 4 Mode 5 
Figure 62: The first 5 mode shapes of FEM of the building block 
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SAP 2000 is an established commercial software program with simulation capabilities. 
However, the most important concern of the current study is to investigate the contributions of 
both geometric and large displacements-induced nonlinearities to the MRWT systems 
displacements. Although, SAP 2000 is recognized as a powerful tool to evaluate the geometric 
nonlinearities (P-delta effects/second order effects), it is also required to figure out the capability 
of this FE platform to capture the large displacements-induced nonlinearities in the MRWTs.   
Wind load-induced effects on the structure is the explicit topic of interest in the current 
study. Therefore, in the current chapter, to capture structural behaviors, linear static analysis and 
nonlinear static analyses are performed by considering lateral wind and dead loads. In addition, 
pushover analysis is performed later to capture the pushover curves of the building block structural 
system. Accordingly, the properties of analyses mentioned are described in sections 6.3 and 6.4.  
6.3 Linear and Nonlinear Static Analyses 
To perform the static analyses, the mass of each rotor is applied as a point dead load to the 
position of the corresponding rotor, and the torques and upwind point loads are applied as wind 
load to the position of each rotor in the FEM. Figure 63 illustrates the symmetric static load cases. 
The self-weight of top structure sections and tower sections are included in the analyses by SAP 
2000, as well. Note that similar to the numerical simulations, symmetric and asymmetric load cases 
are applied to the FEM. However, only the results of symmetric loads are discussed below.  
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Figure 63: Static load distribution of the 3-rotor FEM; loads in N, torques in N.m 
 
 
 
The nonlinear static analyses are threefold: No geometric nonlinearity, P-delta effects, and 
P-delta effects & large geometric displacements. The latter category considers axial deformations 
in the member. Note that there is no option in SAP 2000 to consider the effects of large 
displacements individually. In addition, the large displacement option is categorized as a geometric 
nonlinearity, which might be a different kind of nonlinearity from the objectives of the current 
study.  
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Table 9 shows the outputs of the analyses mentioned above, at the origin point O. It is clear 
that nonlinear cases result in bigger displacements, and the outputs of linear static analysis and the 
nonlinear case without any geometric nonlinearities are identical.  
 
 
 
Table 9: FEM displacements and rotations at the origin point O 
 
Analysis type &  
load case 
U1 
(m) 
U2 
(m) 
R1 
(degree) 
R2 
(degree) 
R3 
(degree) 
Linear static 0.1997 -0.0111 0.0187 0.2692 -1.9E-16 
Nonlinear static 0.1997 -0.0111 0.0187 0.2692 -1.9E-16 
Nonlinear static P-delta 0.2058 -0.0114 0.0193 0.2780 -7.6E-5 
Nonlinear static P-delta 
& large displacement 
0.2060 -0.0115 0.0193 0.2783 0.00011 
 
 
 
Table 10 also shows the displacements in the x-direction for each of the three rotors. The 
displacements of points 1 and 2 are in line with the point O displacement, and the values of 
displacements at point 3 are the same as numerical solutions. This observation is compatible with 
the numerical solution of chapter 5 and EOMs derived in chapter 2. 
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Table 10: FEM displacements in x-direction for all three rotors 
 
Analysis type &  
load case 
Point 1-U1  
(m) 
Point 2-U2 
(m) 
Point 3- U3 
(m) 
Linear static 0.1997 0.1997 0.7072 
Nonlinear static 0.1997 0.1997 0.7072 
Nonlinear static P-delta 0.2058 0.2059 0.7326 
Nonlinear static P-delta & 
large displacement 
0.2061 0.2060 0.7332 
 
 
 
6.4 Pushover Analysis 
Considered technically, pushover analysis is a feature of the nonlinear static analysis. 
During the pushover analysis, the lateral increasing load is only applied to the target point. 
Therefore, the difference between the analysis in the current section and section 6.3 is in the load 
distribution, and the outputs of this section are the pushover curves of the structure. Pushover 
curves are derived by considering no geometric nonlinearity, P-delta effects, and P-delta effects & 
large displacements.  
It is observed that one limitation of SAP 2000 in performing the nonlinear static analysis 
is in assigning plastic hinges to some specific sections. For instance, it is not possible to assign 
bending hinges to the pipe sections of the current study to evaluate the pushover curves of the 3-
rotor MRWT system. This limitation results in deriving the pushover curves of the 3-rotor FEM, 
manually. 
Similar to the numerical simulation in chapter 5, point 3 is considered as the target point 
of the 3-rotor MRWT system, and load-control pushover analyses are performed. Note that the 
pushover curves are derived for the translational displacement in the x-direction.   
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Figure 64 demonstrates the resultant pushover curves. It is clear that applying P-delta 
effects to the nonlinear analysis, results in reducing the stiffness of the structure and capturing 
bigger displacements than the corresponding linear values. In addition, adding the contribution of 
large displacements to the P-delta effects provides bigger induced displacements.  
 
 
 
 
Figure 64: Load-control pushover curves of 3-rotor FEM 
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Although, the behavior mentioned above is hardly observed at very first steps, it approves 
the nonlinear analyses outputs mentioned in table 10. In other words, in the presence of small 
values of wind loads, the contribution of large displacements to the nonlinear responses of the 
FEM is not so significant, and P-delta provides the most important nonlinear effects. However, as 
lateral load increases, large displacements reduce the stiffness of the MRWT structure, which 
results in capturing noticeable nonlinear displacements.  
6.5 Interpretation and Conclusion 
SAP 2000 is a practical and visual-commercial software for FE analysis. It is observed this 
platform has some limitations to simulate the large displacement effects to MRWTs. For instance, 
CSI manual and implemented researches clarify that the built-in nonlinear analysis case in SAP 
2000, mentioned as large displacements, captures the axial deformations. In addition, not all the 
built-in features of SAP 2000 are capable of performing nonlinear pushover analysis for specific 
sections. For example, it is observed in the current study that pipe sections show acceptable and 
desired structural behaviors to be deployed in the MRWT systems. However, the bending plastic 
hinges of SAP 2000 are not assigned to the pipe sections. Nonlinear static outputs in table 10 do 
not show noticeable differences between nonlinear cases, and pushover curves should be derived 
to show the structural behavior of the 3-rotor MRWT system during the extreme loading 
conditions. Therefore, pushover curves are manually derived based on several time-consuming 
pushover analyses.  
Regardless of the limitations mentioned above, FEM outputs approve the numerical 
solution results of chapter 5. Contribution of large displacements-induced nonlinearities are more 
significant in the presence of bigger wind load values and during the longer analysis periods.   
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Moreover, the FE simulation provides the critical design information regarding maximum 
bending moment and fatigue life estimation at the base of the tower. This information is important 
for the design of both land-based and offshore concepts. As design concepts of the support and top 
structures and commercial objectives are not the topics of interest in the current study, fatigue life 
estimations of MRWTs can be investigated in the future studies.  
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7. COMPARISON OF NUMERICAL AND FE RESPONSE BEHAVIOR 
 
The purpose of this chapter is to compare the structural behavior of the building block 
system to the 3-rotor FEM. This validation provides a detailed review on the efficiency of the 
mathematic formula and MRWTs general nonlinear EOMs of chapters 2 to 4. Accordingly, the 
comparison criteria of the current chapter are described below. 
7.1 Comparison of modal properties 
To capture a better understanding of the DOFs’ contributions to the mode shapes and modal 
responses, modal participation factors are calculated. Table 11 shows the Modal participation 
factors of the 3-rotor FEM, which are derived based on the modal analysis built-in tool in SAP 
2000.  
 
 
 
Table 11: Modal participation factors of the 3-rotor FEM 
 
Mode 
Ux  
(u) 
Uy 
(v) 
Rx 
(α) 
Ry 
(β) 
Rz 
(γ) 
1 -505.24 2.68E-10 -1.36E-09 -17415.18 6.70E-14 
2 3.47E-10 526.05 -17602.70 -3.48E-09 1.16E-13 
3 -338.57 -2.52E-10 -1.31E-08 7210.23 2.70E-12 
4 2.38E-11 -6.59E-11 -3.46E-09 -1.16E-09 6541.98 
5 1.91E-08 -363.78 -12254.07 -9.84E-07 1.49E-12 
 
 
 
According to the values of table 11 and modal displacements of the origin point o, the 
contribution of each DOF in the first five mode shapes are identified. Subsequently, table 12 
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indicates the modal properties of both numerical and FE modal analyses. In addition, table 12 
clarifies the interactions and contributions of the DOFs in the mode shapes.  
 
 
 
Table 12: Modal outputs of the 3-rotor systems of the FE and numerical simulations 
 
Mode 
Contribution of 
DOFs in the mode 
shape 
Period (s) 
Frequency 
(cyc/s) 
Natural 
frequency 
(rad/s) 
The 3-rotor 
FEM 
1 u & β 2.382 0.419 2.637 
2 v & α 2.380 0.420 2.639 
3 u & β 0.745 1.341 8.430 
4 γ 0.549 1.823 11.454 
5 v & α 0.422 2.365 14.859 
 
The 3-rotor 
building 
block in 
MATLAB 
1 u & β 1.081 0.925 5.811 
2 v & α 1.049 0.953 5.99 
3 α & β 1.049 0.953 5.99 
4 β & α 0.554 1.807 11.35 
5 γ & α 0.429 2.33 14.65 
 
 
 
The contribution of DOFs in the 3-rotor building block is evaluated based on the numerical 
EOMs and nonlinear terms, and the corresponding contribution in the FEM is derived based on 
the modal participation factors. In addition to the values of modal outputs, the contributions of 
DOFs mentioned in table 12 show that the 3-rotor FEM and building block model are similar in 
modal behavior and properties.  
7.2 Comparison of Static Analyses Outputs 
Another approach to compare the numerical and analytical structural behaviors of the 3-
rotor MRWTs is to evaluate the analyses outputs, correspondingly. Linear and nonlinear static 
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analyses are performed for both FEM and 3-rotor building block systems, and the consequent 
translational displacements at the origin point O are shown in table 13.  
 
 
 
Table 13: Translational displacements of the 3-rotor systems at the origin point O 
 
Analysis type &  
symmetric load case 
U1 
(m) 
U2 
(m) 
The 3-rotor 
FEM 
Linear static 0.1997 -0.0111 
Nonlinear static P-delta 0.2058 -0.0114 
Nonlinear static P-delta 
& large displacement 
0.2060 -0.0115 
 
The 3-rotor 
building 
block in 
MATLAB 
(Maximum 
responses) 
Linear static 0.200313 -0.020093 
Nonlinear static P-delta 0.200314 -0.020096 
Nonlinear static P-delta 
& large displacement 
0.20052 -0.02025 
 
 
 
The values in table 13 indicate that the FEM responses follow the identical pattern (in the 
contribution of the nonlinear terms) as the building block responses in both directions; however, 
there are quantitative differences between the displacements of two systems in the y-direction. In 
other words, the displacements of numerical solutions in the y-direction are bigger than the 
corresponding FEM responses. The latter observation might be according to the 3-dimentional 
simulation feature of SAP 2000 that is not available in the numerical simulations of the current 
study.  It is decided to accept this percentage of differences, as the responses of the building block 
are bigger than the FEM responses. 
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7.3 Comparison of Pushover Curves 
As previously investigated in chapters 5 and 6, the pushover curves of both FEM and the 
3-rotor building block (figures 60 and 64) follow the desired pattern, and noticeably illustrate the 
significance and the contribution of P-delta effects and large-induced nonlinear terms to the 3-
rotor MRWT systems. However, there are some quantitative differences between the values of the 
FEM target displacements and the corresponding values in the building block model. More 
explicitly, the pushover curves of the building block reach to the yielding points with a higher rate 
than the pushover curves of the FEM. The observation mentioned above is conventional according 
to all assumptions and limitations that resulted in deriving the pushover curves manually.  
7.4 Conclusion 
The sections discussed in chapter 7, provide a detailed overview of the 3-rotor systems 
structural responses in the current study. More explicitly, both numerical simulation and FEM of 
the 3-rotor MRWT indicate that the contribution of large displacements-induced nonlinear terms 
to the structural responses is noticeable, and that contribution should be added to the P-delta effects 
during the analyses.  
Furthermore, it is confirmed that the structural behavior of both numerical and FE models 
are in-line with each other, and the proposed numerical simulation is a reliable approach to evaluate 
the structural responses of MRWT systems.  
Accordingly, the numerical simulation approach of a 4-rotor MRWT system is discussed 
in chapter 8 to prove the efficiency of the proposed building block, the in-plane rotation approach 
and the derived EOMs to evaluate the general configuration of the MRWT systems. 
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8. NUMERICAL SENSITIVITY ANALYSIS OF THE 4-ROTOR SYSTEM 
 
According to the outputs of the sensitivity analyses in chapter 5, the contribution of 
nonlinear terms to the 3- rotor MRWT structural behavior is variable during the analysis, and the 
most critical cases are capturing by applying both P-delta effects and large displacements-induced 
nonlinear terms to the EOMs. In order to apply this concept to an existing MRWT system, the 
Vestas 4-rotor configuration is evaluated in the current chapter. Firstly, the properties of Vestat 
MRWT system are applied to the EOMs for a 4-rotor configuration (equations (102) to (105) in 
chapter 4). Secondly, the numerical simulation and sensitivity analyses are performed to 
investigate the contribution of nonlinear terms to the response behavior of more MRWT systems 
than the building block 3-rotor system. 
8.1 Overview of Inputs & Geometry of the Model 
In order to perform representative numerical analyses, the geometric data from the existing 
4-rotor system (de Vries 2016) are deployed, and a 4- rotor MATLAB model is designed and 
implemented. Note that loading scenarios explained in chapter 5 are applied in the current chapter, 
as well. Vestas’ multi-rotor top structure is consists of four symmetric rotors, and steel frames 
along with cables that provided the connecting links of rotors to the tower and to the horizontal 
adjacent rotors (de Vries 2016). However, in the current study, the cable elements are substituted 
by the pipe sections, and all the structural elements of the top structure are considered as steel 
pipes. Figure 65 demonstrates the existing Vestas 4-rotor MRWT system in a wind farm beside 
the SRWTs. Additionally, figure 66 shows the 4-rotor structural system that is simulated in the 
current study. As it is clear, the virtual position of the 3-rotor building block is also shown.  
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Figure 65: Vestas 4-rotor MRWT system. Reprinted from de Vries, 2016
 
 
 
 
 
Figure 66: MATLAB simulated 4-rotor MRWT system of the current study 
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Correspondingly, table 14 indicates the physical and geometric properties, and loading 
values of the 4-rotor model. Note that the parameters of the in-plane rotation approach such as 
lengths and in-plane rotation angles are derived according to the lengths provided in table 14.  
 
 
 
Table 14: Physical properties of 4-rotor MRWT 
 
                  Property  
Per rotor of Vestas 4-
rotor MRWT  
 (de Vries 2016) 
Per rotor of 4-rotor 
MRWT Matlab 
Simulation 
 
Rotor diameter (m) 29 29  
Top structure frame height (m) 35.5 35.5  
Top structure frame length (m) - 30.5  
Steel support structure height (m) 24 24  
Tower tubular diameter (m) - 3  
Tower section thickness (m) - 0.02  
Tower weight (ton) 45 45  
Top Steel frame weight (ton) 40 40  
RNA weight (ton) 15.7 15.7  
Rotor Torque (kNm) - 802.72  
Maximum  Thrust (kN) - 241.52    
 
 
 
The geometry and physical properties that mentioned in table 14, along with equations 
(102) and equations (36) and (37) are deployed to find the values of mass, stiffness and 
corresponding damping matrices. Consequently, modal information and outputs of the 4-rotor 
system are defined in table 15.   
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Table 15:  Modal characteristics of the 4-rotor MRWT system 
 
Mode DOF Mass*104 Stiffness*106 
Damped 
natural 
frequency 
(rad/s) 
Frequency 
(cyc/s), 
Hz 
Period 
(s) 
1 Fore-aft 0.0148 (ton) 0.0389 (kN/m) 4.826 0.768 1.302 
2 Side-side 0.0148 (ton) 0.0389 (kN/m) 5.632 0.896 1.116 
3 Roll 8.997 (ton.m2) 2.096 (kNm/rad) 9.730 1.549 0.646 
4 Pitch 6.606 (ton.m2) 2.096 (kNm/rad) 15.622 2.486 0.402 
5 Yaw 2.391 (ton.m2) 2.644 (kNm/rad) 16.786 2.672 0.374 
 
 
 
8.2 Nonlinear Dynamic Analyses  
Sensitivity analyses are performed to evaluate the contribution of nonlinear terms to the 4-
rotor MRWT structural responses. To perform the sensitivity analyses phase I to IV, defined in 
section 5.3, steady speed wind loads and generated random vibrations mentioned in section 5.2 are 
applied individually to equation (38) and the 4-rotor MRWT system. There are three loading cases 
for both steady speed wind and random vibrations analyses. The loading cases are threefold: 
symmetric loading, asymmetric loading and harmonic loading.  
Mentioned earlier, it is not efficient to interpret all the observed outputs in the current study. 
Therefore, after evaluating the results of each analysis type corresponding to the specific loading 
cases, the most representative outputs and response behaviors are mentioned as follows. Figures 
67 to 70 illustrate the time dependent displacements and rotations at the origin point O of the 4-
rotor MRWT when P-delta effects and both nonlinear matrices  A  and  B are applied to the 
EOMs.  
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Figure 67:  Time dependent displacements & rotations of origin point O according to the 
asymmetric steady speed wind loading 
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Figure 68:  Time dependent displacements & rotations of origin point O according to the 
symmetric steady speed wind loading 
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Figure 69:  Displacements & rotations of origin point O according to the asymmetric real time 
series of wind loads 
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Figure 70:  Displacements & rotations of origin point O according to the symmetric real time 
series of wind loads 
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Based on the conclusion of chapter 5, the results of nonlinear sensitivity analyses in the 
current chapter are based on considering both  A  and  B . According to figures 67 to 70, 
asymmetric loading results in bigger differences in the 3rd DOF, but both symmetric and 
asymmetric loading cases in the time series analysis show that the significant differences between 
linear and nonlinear responses appear in the 2nd and 3rd DOFs. This consequence does not follow 
the exact trend as the outputs of the 3-rotor building block, but it is acceptable according to the 
fact that the differences are in the scale of decimals. Following the methodology of chapter 5, 
pushover analysis is performed to clarify the most effective nonlinear effects and to determine the 
contribution of nonlinear terms.  
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8.3 Nonlinear Static / Pushover Analysis 
A Load control pushover analysis is performed based on the approach of section 5.5.  
Figure 71 shows the increasing load applied to the point 4 (target point). 
 
 
 
 
Figure 71: Target point & lateral load of pushover analysis for the 4-rotor configuration 
 
 
 
Pushover curves of the 4-rotor system are derived by considering P-delta effects, and large 
displacements-induced nonlinear terms. Figure 72 indicates the derived pushover curves by 
considering 40 sec analysis duration and lateral load increments of 241 kN. 
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Figure 72: Thrust direction pushover curves by applying linear, P-delta and nonlinear effects to 
the numerical solutions 
 
 
 
The pushover curves are derived from the displacements of point 4. Therefore, the time 
dependent displacements of point 4 in the x-direction during the steady speed wind load are shown 
in figure 74. As anticipated, the pattern of displacements in figure 73 follows the pushover curves 
trend, and clarifies that at the first steps, P-delta has more of an effect than all the potential loading 
cases, and the contribution of large displacements-induced nonlinear terms is significantly 
noticeable in the longer duration of analysis.  
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Figure 73: Time dependent displacement of point 4 in the x-direction according to the symmetric 
steady speed wind loading 
 
 
 
 
8.4 Interpretation and Conclusion 
Pushover curves of 4-rotor MRWT configuration show the same behavior observed for the 
3-rotor curves. In other words, during the first steps of loading, P-delta effects is the governing 
case, and for bigger lateral loads and longer analysis duration, the large displacements induce 
bigger nonlinearity effects to the displacements. Note that the interactions between coupled DOFs 
result in capturing nearly the same curves for three cases of nonlinearities in the current MRWT 
system. As the conclusion, it is required to apply both geometry and large-displacements-induced 
nonlinear effects to the EOMs of the generated MRWTs of current study to capture the correct 
numerical solutions. In addition, it is anticipated that all symmetric MRWT configurations that are 
generated from the building block system, follow the same numerical behavior by considering a 
margin of possible errors.  
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9. NUMERICAL SENSITIVITY ANALYSIS OF THE 4-ROTOR SYSTEM 
 
9.1 Summary and Conclusions  
This dissertation evaluates the contribution of nonlinear terms to the structural responses of the 
MRWT systems. The focus of this study is on the symmetric MRWT configurations that are 
generated from a 3-rotor building block system.  The rotors of the building block system are 
located at the vertex of a symmetric triangular configuration, and five DOFs are applied at the 
connecting point of the MRWT support structure and the top structure.  To include every effective 
parameter in the current study and in order to get a comprehensive response behavior, both second 
order effects and large displacements are applied to the calculations, and 5 EOMs of the building 
block are derived. According to the application of large displacements, some coupled DOFs and 
nonlinear terms are appeared in the EOMs. Matrix configuration of the derived EOMs 
demonstrates that large displacements enforce two extra nonlinear matrices to the classic format 
of EOMs.  
Next step in the current study is to perform the sensitivity analyses to capture the 
contribution and significance of derived nonlinear terms to the structural behavior of the 3-rotor 
building block. Therefore, numerical solutions of different static and dynamic load cases are 
derived based on the ode45 solver in MATLAB. The consequent outputs are shown based on time 
dependent graphs and pushover curves. Moreover, to evaluate the efficiency of the numerical 
simulations and FEM capabilities, a 3-rotor MRWT is designed by the SAP 2000 platform. It is 
observed that the outputs of both numerical and FE simulations follow an identical pattern in 
showing the contribution of the P-delta effects and large displacements-induced nonlinearities.  
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In addition, the in-plane rotation approach is introduced to find the position vectors of 
rotors in every symmetric MRWT configuration based on the 3-rotor building block. Following 
the in-plane rotation approach results in deriving the EOMs of the symmetric MRWT 
configurations. Final step of the current study is to apply the proposed numerical solution to an 
existing MRWT configuration, i.e. 4-rotor Vestas MRWT, to evaluate both the in-plane rotation 
approach in deriving the EOMs for the general MRWT configurations and the efficiency of 
numerical solutions. Accordingly, the results of the current study are described as follow: 
 The proposed building block configuration provides the templet to generate MRWT 
configurations by considering rotors distances and in-plane rotation angles relative to the 
coordinate system at origin point O.  
 The numerical solutions of the Vestas 4-rotor system indicates that proposed building block 
configuration and the in-plane rotation approach is a practical method to evaluate MRWT 
systems.  
 Both numerical and FE analyses of the 3-rotor system show that the large displacements-
induced nonlinearities have significant contributions, and both P-delta effects and large 
displacements should be included in the MRWT analyses.  
 The contribution of large displacements-induced nonlinearities to the structural responses 
of the 3-rotor MRWT system is strongly dependent to the stiffness of the structure. While 
the translational and rotational stiffness reduce, the nonlinearity effects increase.  
 The FEM of 3-rotor system of current dissertation approve that pipe sections are modified 
and reliable frame sections for the MRWT top structures design.  
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 Load-control pushover curves of the current study are derived manually, and the 
corresponding observed behavior is dependent to the analysis duration, loading 
combination and direction.  
9.2 Unique Contributions 
For the very first time, this dissertation provides a framework to investigate the dynamic 
and static structural behavior of MRWT systems, numerically. The presented approach to derive 
the EOMs of the MRWT systems, which introduces the 3-rotor building block system, can assist 
the wind industry specialists to save more time in generating multiple MRWT configurations, and 
evaluating the efficiency of MRWT configuration by applying both FE analytical approach and 
numerical simulations. Additionally, evaluating an existing 4-rotor MRWT with the derived 
EOMs, approves the practicality and feasibility of the proposed numerical approach to the 
MRWTs. 
Moreover, numerical solution of the current study individually highlighted the contribution 
and significance of the large displacements and the P-delta effects to the nonlinear behavior of the 
MRWT structures, which is not attainable in the FE SAP 2000 platform. 
9.3 Future Work 
Some suggestions for the future work according to the current study and the limitations are 
as follow: 
 Type of the support structure and the corresponding stiffness values is an effective 
parameter in capturing nonlinear contributions. Therefore, it is suggested to evaluate the 
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structural behavior of other kinds of support structures e.g. gravity based support structures, 
by deploying the proposed numerical solution and derived EOMs.  
  Soil-structure interactions, wave, seismic and distributed loads on the tower are not 
included in the current study. Therefore, it is suggested to update the EOMs and loading 
vectors based on these loading features.  
 The lumped mass approach is deployed in the current study. It is recommended to update 
the mass and stiffness matrices based on the integrated mass systems.  
 Proportional damping concept is applied in the current study. It is suggested to perform 
more detailed analyses by applying other approaches of estimating damping.  
 It is recommended to apply more real time series and random vibrations to provide the 
database to perform statistical evaluations of the responses.  
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